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In this dissertation, we study questions related to the Gel’fand-Kapranov-Zelevinsky
(GKZ) hypergeometric systems and toric mirror symmetry. Such systems are conjec-
turally the de-categorification of an isotrivial family of triangulated categories over
the stringy Kahler moduli space associated to a toric Gorenstein singularity, which
underlies the derived equivalences between different crepant resolutions of this singu-
larity.

The two main results of this dissertation are the following:

(1) We study the relationship between solutions to such systems near different
large radius limit points, and their geometric counterparts given by the K-groups of
the corresponding crepant resolutions. We prove that analytic continuation transfor-
mations of solutions are realized by the natural Fourier-Mukai transforms associated
to the toric wall-crossings. This settles a conjecture of Borisov and Horja [8].

(2) We apply such systems to study toric Calabi-Yau Deligne-Mumford stacks and
their Hori-Vafa mirrors. We verify that A- and B-model integral structures coincide
by establishing the equality between A-brane and B-brane central charges, in terms
of period integrals and Gamma series respectively. This settles a (variation of a)
conjecture of Hosono [19].

This dissertation builds upon the papers [17] and [16] of the author.
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Chapter 1

Introduction

Mirror symmetry is a phenomenon originally observed by physicists [12] in the early
1990s, which, roughly speaking, describes a relationship between the algebraic geom-
etry of a space and the symplectic geometry of its mirror space. The first example of
mirror symmetry is the observation that one can count rational curves on a smooth
quintic threefold in CP* by looking at an ODE (the Picard-Fuchs equation) coming

from a mirror of the quintic threefold.

Since then, there have been various mathematical formulations of mirror symme-
try. One of the most remarkable formulations is the homological mirror symmetry
proposed by Kontsevich in 1994. The statement, roughly speaking, says that the
derived category of coherent sheaves on a Calabi-Yau manifold should be equivalent
to the derived Fukaya category of the mirror manifold. Homological mirror symmetry

has been the most active area in the study of mirror symmetry.

Apart from attempts to formulate the phenomenon of mirror symmetry in a math-
ematically rigorous way, another direction in the study of mirror symmetry is to
construct explicit examples of mirror pairs. In this direction, the most prolific con-
struction is the Batyrev-Borisov mirror construction, which allows one to start with

certain combinatorial datum and construct mirror pairs as Calabi-Yau complete in-



tersections in toric varieties. The area of the study of such mirror pairs is called toric

mirror symmetry.

Now we explain the motivation behind this project. We consider a Gorenstein
toric variety X = Spec C[CY N N] associated to a rational polyhedral cone C' in a
lattice N. If we take a simplicial subdivision ¥ of C' whose ray generators lie on
a hyperplane, then the corresponding toric stack Py is a crepant resolution of X.

According to a result of Kawamata [25], all the Py’s are derived-equivalent.

However, there is no canonical equivalence between derived categories of different
crepant resolutions. This fact suggests that instead of a discrete set of equivalences
between derived categories, there should exist a continuous family of triangulated
categories over a certain moduli space, the stringy Kdhler moduli space. Roughly
speaking, the stringy Kahler moduli space is the space of Kahler structures that
comes from the symplectic geometry of the Calabi-Yau manifold. In general there is
no global definition, however in the toric case there is an explicit construction as the
complement of the zero locus of a certain Laurent polynomial (the GKZ discriminant)
associated to the combinatorial datum. Inside the stringy Kahler moduli space there
are large radius limits corresponding to crepant resolutions Pys. The fibers near the
large radius limit point corresponding to Py are given by D°(Pyx), and the derived
equivalences between two crepant resolutions are realized by paths in the stringy

Kahler moduli space.



another large volume limit

the family of Aed categories

a large volume limit a conifold point

Figure 1.1: Stringy Kahler moduli space

The construction of such an isotrivial family of triangulated categories is a long-
standing open problem. However, its decategorification is a local system over the
moduli space that can be described as a system of linear PDEs, known as the GKZ
hypergeometric system.

We start with our combinatorial setting. Let C' be a finite rational polyhedral
cone in a lattice N = Z™N. We assume that all ray generators of C' lie on a primitive
hyperplane deg(-) = 1 where deg : N — Z is a linear function (or equivalently, C' is
the cone over a (rk/NV — 1)-dimensional polytope A of height 1). This data encodes an
affine toric variety X = Spec C[NY N CV], with the hyperplane condition equivalent

to X being Gorenstein, i.e. having trivial dualizing sheaf.

Figure 1.2: A 3-dimensional example



Let {v;}_; be a set of n lattice points in C' which includes all of its ray generators,
with deg(v;) = 1 for all .. One can construct (stacky) crepant resolutions Py — X,
where the stacky fan 3 is obtained by subdivisions ¥ of C' based on triangulations
that involve some of the points v;. Note that the additional data {v;} in the definition

of 3 is chosen to be these deg 1 points.

Figure 1.3: Two different triangulations

Definition 1 (better-behaved GKZ systems, [7] and [22]). To each lattice point ¢ in
the cone C' we attach a holomorphic function ®.(xy,...,x,) defined on the stringy
Kéhler moduli space, and consider a linear system of PDEs:

0;®. = Doy, Vee€C,i=1--,n
bbGKZ(C) :

Z?:l <:u’v /Uz>xzazq>c + <,U,, C>q)c = 07 Ve € O) 2 € NV

A compactly-supported version bbGKZ(C?) could be defined similarly by considering

lattice points in the interior C*° only.

Figure 1.4: Example of [C?/Zj]

The key property of these systems is that their solution spaces are finite-dimensional

and can be canonically identified, via certain Gamma series, with the Grothendieck



groups of the derived categories D°(Ps) and D?(Ps) in a neighborhood of the large
radius limit point corresponding to .

In [8], Borisov and Horja proposed two conjectures on bbGKZ systems: the duality
conjecture and the analytic continuation conjecture. Roughly speaking, they are
concerned with how to express natural structures and operations on derived categories
in terms of bbGKZ systems: the Euler pairing and Fourier-Mukai transforms. These

two conjectures are settled in full generality in [5] and [17].

More precisely, the main result of [5] is an explicit construction of the pairing
of GKZ systems that recovers the Euler pairing near any large radius limit points.
This result can be viewed as the B-model interpretation of Iritani’s Gamma integral

structure [21], within the context of local mirror symmmetry.

Theorem 2 ( [5]). Let ® and ¥ be solutions to bbGKZ(C,0) and bbGKZ(C*,0)

respectively. We define the GKZ pairing by the formula

<‘I’> \I’>GKZ = Z fc,d,f Vol; <H ZUz) oWy

ceC,deC® el
IC{1,+ n},|[T|=rkN

where the coefficients & 41 and Volr only depends on the combinatorics of C. Then
(P, ¥)gkyz is a constant for any solutions ® and V. Furthermore, (—, —)gkz coincide

with the Euler pairing in the neighborhood of any large radius limit point.

Building on this duality result, the first main result of this dissertation is the
following, which could also be seen as a version of Crepant Transformation Conjecture
in the context of local mirror symmetry. This result provides evidence on why one
should think of the GKZ systems as the correct de-categorification that underlies the

conjectural isotrivial family of triangulated categories.



Theorem 3 (= Theorem 54, 55). The following diagrams commute:

Ko(Ps, )" —2= Sol(bbGKZ(C, U, ))

lFMv lMB

Ko(Ps_ )Y —2= Sol(bbGKZ(C, U_))

K&(Ps, )Y & Sol(bbGKZ(C®), Us)
l(FMC)V lMBC
Ke(Ps. )Y —= Sol(bbGKZ(C®), U.)

where the horizontal arrows are mirror symmetry maps, FM (FM¢) and MB (MB€)
denote the Fourier-Mukai transforms and analytic continuation transformations of

solutions respectively.

This phenomenon was first observed in the PhD thesis of Horja [18], and was
studied by Borisov and Horja in [10] later. However the authors were using the
original version of the GKZ systems, and the map between the dual of the K-theory
and the solution space is not necessarily an isomorphism due to the rank-jumping
phenomenon at non-generic parameters (see e.g. [26]). The advantage of the bbGKZ
systems is that that the mirror symmetry maps from the dual of the K-groups to the
solution spaces are always isomorphisms.

The second part of this dissertation focuses on a generalization of the so-called
Hori-Vafa mirror construction, based on the original definition of Hosono [19] in the
2- and 3-dimensional cases. Our B-models are toric Calabi-Yau orbifolds Ps, whereas
we take the corresponding A-models to be Landau-Ginzburg models ((C*)4, f), where
f:(C*)? — C is a Laurent polynomial with fixed Newton polytope. While there are
certain issues with this definition (see Remark 61), we are able to prove that the

integral structures on the A- and B-sides coincide by showing the equality between



A- and B-branes central charges. Integral structures in mirror symmetry has been
extensively studied by Iritani, especially in the context of toric mirror symmetry

(Batyrev-Borisov mirrors), see e.g. [21,22].

Theorem 4 (= Theorem 62). The A- and B-model integral structures of the Hori-

Vafa mirrors, defined by Hy ((C*)\Z¢,Z) and Ko(Ps,Z) respectively, coincide.

Remark 5. We make a final remark regarding the second main result of this dis-
sertation. The original motivation behind this work was an (unsuccessful) attempt
to construct a global integral structure for better-behaved GKZ systems. To do this,
we need to identify the correct space of D-branes away from the large radius limit
and construct a map from it to the solution space of bbGKZ systems. In the con-
text of Calabi-Yau hypersurfaces (or more generally complete intersections) in toric
varieties, the natural candidates are given by certain relative homology groups and
oscillatory integrals (see e.g. [21] for details). In our local mirror symmetry setting,
it is natural to consider the Hori-Vafa mirrors of the toric stacks Ps associated to
the combinatorial datum. However, technical difficulties arise when one tries to prove
the convergence of the associated period integrals, which is the reason why we have
to restrict ourselves to a special kind of Lagrangian submanifolds of the LG model
((C*)?, f) which are defined in an ad hoc manner. We believe a better understanding
of the homological mirror symmetry for toric Calabi-Yau orbifolds Py would help to

resolve this issue. We hope to return to this problem in a future work.

This dissertation is organized as follows.

In Chapter 2 we cover the background knowledge of this dissertation. In Section
2.1 we recall the basic definition and properties of smooth toric Deligne-Mumford
stacks and their twisted sectors. In Section 2.2 we define the secondary fan of toric
stacks and the associated toric wall-crossings. In Section 2.3 we give combinatorial

descriptions of the (usual and compactly supported) derived categories, K-theories



and orbifold cohomology of toric stacks. In Section 2.4 we introduce the better-
behaved GKZ systems and recall some of their important properties. In Section 2.5,
we formulate the bbGKZ systems in terms of the language of D-modules, and discuss
the relations between the duality result in the previous section and a recent result of
Reichelt-Sevenheck-Walther.

In Chapter 3 we prove the first main result of this dissertation, namely the analytic
continuation of Gamma series solutions to bbGKZ systems between adjacent large
volume limits coincides with the pullback-pushforward functor associated to the toric
wall-crossing of the corresponding toric stacks. In Section 3.1 we compute the ana-
lytic continuation of Gamma series solution by applying the Mellin-Barnes integral
method. In Section 3.2 we give a combinatorial formula for the pullback-pushforward
functor associated to the toric wall-crossing, and observe that it coincides with the
computation of the previous section. In Section 3.3 we utilize the duality result on
the bbGKZ systems to deduce the parallel results for the dual systems.

In Chapter 4 we prove the second main result of this dissertation, namely the
coincidence between the A- and B-model integral structures, by proving the equality
of the corresponding A- and B-brane central charges. In Section 4.1 we give the
definitions of our (modified) version of central charges, in terms of period integrals
and Gamma series respectively. In Section 4.3 we prove a technical result on the
relationship between certain integral of orbifold cohomology classes on toric stacks
and the volume of certain polytopes, which is essential to the computation in Section
4.2. Finally in Section 4.4 we establish the desired equality between A- and B-brane

central charges.



Chapter 2

Toric Deligne-Mumford stacks and

better-behaved GKZ systems

In this chapter we review the background knowledge of this dissertation. In Section
2.1 we recall the basic definition and properties of smooth toric Deligne-Mumford
stacks and their twisted sectors. In Section 2.2 we define the secondary fan of toric
stacks and the associated toric wall-crossings. In Section 2.3 we give combinatorial
descriptions of the (usual and compactly supported) derived categories, K-theories
and orbifold cohomology of toric stacks. In Section 2.4 we introduce the better-

behaved GKZ systems and recall some of their important properties.

2.1 Toric Deligne-Mumford stacks

In this section, we review the construction of smooth toric Deligne-Mumford stacks

from certain combinatorial data called stacky fan, following Borisov-Chen-Smith [9].

Definition 6. Let N be a finitely generated free! abelian group of rank d. Denote

Ng = N ®z Q. Let ¥ be a simplicial fan in the vector space Ng. We fix a choice

!The construction of [9] actually works for a general finitely generated abelian group, without
the freeness assumption. For the sake of simplicity we will work with this additional assumption.
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of v; € N for each 1-dimensional cones (i.e., rays) p; for i = 1,---  n of the fan
Y. such that v; generate the cone p;. The set {by,--- ,b,} defines a homomorphism

B : Z™ — N with finite cokernel. The triple ¥ := (N, X, §) is called a stacky fan.

Remark 7. Sometimes we allow some v;’s to be not present in the fan >. Therefore

strictly speaking we will be using the extended stacky fans introduced by Jiang [23].

Note that the element v; needs not to be the primitive generator of the ray p;. We

can associate a smooth Deligne-Mumford stack to a stacky fan 3 as follows.

Theorem 8. Let ¥ = (N, X, 3) be a stacky fan defined as above. Consider the open
subset U of C" defined by

U={(x1,",2,)€C": {i:2,=0} e X}
and a subgroup G of (C*)™ defined by
G = {(/\1,~~- D) s [T = 1,vm € NV}

i=1

Then the stack quotient [U/G| is a smooth Deligne-Mumford stack, which we denote
by Ps,. Furthermore, its coarse moduli space is the usual toric variety Py, associated

to the non-stacky fan 3.

Proof. See [9, Section 3]. O

Generalizing the usual construction of toric varieties, there exists a correspondence
between certain closed substacks of Px and the cones in the stacky fan 3. More
precisely, let o be a cone in the fan ¥, and let N (o) be the quotient of the lattice N
by the sublattice N, generated by the elements v; for p; C ¢. This naturally induces

a quotient fan /o defined as

Yjo:={r+N,:0 Crand 1€ X}
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and a homomorphism (o) defined by the image of v;’s in the quotient lattice N (o).

These datum altogether define a quotient stacky fan 3/ := (N (o), X /0, B(0)).

Proposition 9. If ¢ is a cone in the stacky fan 3 which satisfies certain non-
degenerate condition, then the toric stack P/, associated to the quotient stacky

fan defines a closed substack of Ps;.
Proof. See |9, Proposition 4.2]. O

The inertia stack Z(X) of a Deligne-Mumford stack X is defined as the fiber
product X X yxx X along the diagonal embedding A : X — X x X. Its connected
components are called the twisted sectors® of the stack X. Since the twisted sectors
play an essential role in the definition of the orbifold Chow ring (or orbifold cohomol-
ogy) of a Deligne-Mumford stack, we review the explicit combinatorial description of

them in the case of smooth toric Deligne-Mumford stacks.

Definition 10. For each cone o € ¥ we define Box(o) to be the set of lattice points
v which can be written as v = .. ~;v; with 0 < v; < 1. We denote the union of all

Box(o) by Box(X).

Proposition 11. The twisted sectors of Py are in 1-1 correspondence with the set

Box(X) by Px/(y) ¢+ 7, where o(7) denotes the minimal cone in X that contains +.
Proof. See |9, Proposition 4.7]. O

Definition 12. We define the dual of a twisted sector v = > 7,v; by

v = Z(l — Vi) Vi

Yi#0

2 Among these twisted sectors there is one isomorphic to X itself, which is sometimes called the
untwisted sector.
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or equivalently, the unique element in Box(o (7)) that satisfies

vV = —v mod ZZW.

1€0

2.2 Secondary fans and toric wall-crossing

The birational geometry of a toric variety (or more generally, toric Deligne-Mumford

stacks) is described by a combinatorial object called secondary fan.

2.2.1 Secondary fan

We briefly recall the basic definitions and properties of secondary fan, following [15].

Let X be a triangulation of the cone C' based on the set of vertices {vy,vg, -+ , v, }.
We define the characteristic function ¢y : {v1,ve, -+ ,v,} = Rby ps(v;) := > Vol(o),
where Vol(o) denotes the volume of o, and the sum is taken over all simplexes ¢ in

Y that contain v; as a vertex. Note that ¢y can be seen as a lattice point in R™.

Definition 13. The secondary polytope of the cone C'is defined to be the convex hull
of py for all triangulations ¥ in R", and the secondary fan of C' is defined to be the

normal fan of the secondary polytope.

The following basic properties of secondary polytopes and fans can be found in

[15, Chapter 7].

Proposition 14. The vertices of the secondary polytope of C' (or equivalently, the
maximal cones of the secondary fan of C) are in 1-1 correspondence with regular

triangulations of C.

Remark 15. The intersection of two maximal cones of the secondary fan is a face in
each. If it is of codimension 1, then the corresponding triangulations are said to be

adjacent to each other.
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2.2.2 Toric wall-crossings

Let X_ and X, be two adjacent triangulations of the cone C in the sense that the
intersection of their corresponding maximal cones (which we denoted by Cy_ and

Cs

. respectively) in the secondary fan is a codimension 1 cone. Then there exists a

circuit (i.e., a minimal linearly dependent set) I defined by an integral linear relation

h1U1+"'+hnUn:0

with [ = I, U1 where I, = {i: h; >0} and I_ = {i : h; < 0}. Moreover, the linear
relation h = (hy,--- , hy,) gives the defining equation of the codimension 1 subspace
that is spanned by the intersection of the maximal cones corresponding to X4 . We

specify a special class of cones in the fan ..

Definition 16. A maximal cone in ¥4 of the form F U (/\i) where ¢ € I. and
F C {1,2,--- ,n}\I is called an essential mazimal cone in ¥4, and the set F is
called the separating set of the essential maximal cone. We denote the set of essential
cones in X4 by X¢. If the minimal cone o(v4) of a twisted sector 4 is a subcone
of an essential maximal cone in X, then we say vy is an essential twisted sector, and

denote the set of essential twisted sectors by Box(X).

Definition 17. Let o4 be essential maximal cones in ¥;.. We say that o, and o_ are
adjacent if they have the same separating set F. Equivalently, o_ can be obtained
from o, by adding the vector ¢ € I, which is missing in o, and deleting some vector

kel

It is proved in [15, §7.1] that one can obtain one triangulation of ¥, from another
by replacing all essential cones of one triangulation with those of another. The asso-

ciated toric Deligne-Mumford stacks Py, are then related by an Atiyah flop that is a
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composition of a weighted blow-down and a weighted blow-up:

Here Py is a common blow-up of Py, defined as follows. The linear relation can be

rewritten as:

Z hﬂ)i = — Z hivi

iely iel_

We denote this vector by ©. We then define 3 to be the fan obtained by replacing all

essential cones of ¥4 by cones of the form FU {0} U (I\{iy,i_}) where i € .

2.2.3 Behavior of twisted sectors under toric wall-crossings

The behavior of twisted sectors under the wall-crossing was studied in [10, §4] and
[13, §6.2.3]. In this subsection, we prove a technical lemma that will be used in
Section 3.1.

From now on we will use the symbol v to denote either a connected component
of the inertia stack or its corresponding lattice points in C' N N. Now we give an
alternative characterization of twisted sectors following [21]. For any lattice point

c € CN N we define

K.: = {(lz) eQ": Zlivi = —c, {i:l; ¢ 7Z} is a cone in Z}
i=1
— U L.,

vE€Box(X)
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where

LC’,), = {(ll) € @n : Zlﬂ)l = —C, lz = mod Z}
i=1

Clearly the set L := L acts on K, by translation. The following characterization of

twisted sectors can be found in [21, §3.1.3].

Lemma 18. There is an injection K./L < Box(X), and the image of this map

consists of twisted sectors v such that the set L., is non-empty.

Proof. The map K, — Box(X) defined by (1;) — > {l;}v; clearly factors through
K./L. Now take a twisted sector v € Box(X), then any element in the lattice L., is

mapped to v due to the condition I; = ~; mod Z. O

Thus each twisted sector v with L. . # () is represented by elements in the lattice

K.. We call such representatives the liftings of .

Definition 19. Let 7. € Box(X.) be two essential twisted sectors. We say that ~_
is adjacent to v, if there exists a pair of essential maximal cones o in X such that

o(v4) and o(_) are subcones of o, and o_ respectively.

Lemma 20. Let ¥ be two adjacent triangulations. Then there exists a choice of
the lifting Box(¥1) — KZF such that any pair of adjacent twisted sectors v, and
~v_, the lifting v, and v_ differs by a rational multiple of the defining linear relation

h = (hy,--- ,hy) of the circuit I that corresponds to the wall-crossing ¥, — ¥_.

Proof. The proof is similar to [10, Proposition 4.4(ii)]. We begin with an arbitrary
essential twisted sector v € Box(2S’) and an arbitrary lifting v = Z;L:l(%r)jvj. We
write o(y4) € FUI\i where F is a separating set and ¢ € I,. For any k € I_ we take
a rational number ¢ € Q such that (v4)r + ghi € Z. Then ((v4);) and ((v4); + qh;)

differ by a rational multiple of h. We denote the associated twisted sector of the latter



16

by v_. It’s then clear that o(y_) C F U I'\k, hence v_ is an essential twisted sector
of ¥_. Moreover, since o(+) share the same separating set, o, and o_ are adjacent.

Now we have proved that by adding an appropriate rational multiple of A to a
lifting of an essential twisted sector in >, we get a lifting of an essential twisted sector
in Y_. It remains to show that any essential twisted sector in >_ can be obtained in
this way. To see this, note that the procedure above is invertible (i.e., adding —q - h
to the lifting), so if we start with some v, apply the procedure above from >, to
Y and back, we recover the original twisted sector. By switching the roles of >
and Y_, this shows that any essential twisted sector in >_ can be obtained from this

procedure. O

Remark 21. In the proof above we see that for a fixed essential twisted sector v,
of ¥, and k € I_, the lifting we constructed for the adjacent twisted sector is not
unique due to the freedom of the condition (74 )x + ghy € Z. However, it is important
to note that any two such liftings differ by an integral multiple of h. In fact, whenever
we have two liftings v, + ¢1h and v, + g2h, they both define the same twisted sector
of ¥_ if and only if the fractional part of the corresponding coordinates are equal.
This means that (¢; — g2)h should have integral coordinates. The primitivity of h

then forces ¢; — ¢ to be an integer.

2.3 Derived categories, K-theory and orbifold co-
homology

In this section, we review basic facts about derived categories, K-theories and orbifold
cohomology of smooth toric Deligne-Mumford stacks, and fix the notations that will

be used throughout this paper. The main references are [5,8,9].
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2.3.1 Derived categories of toric stacks

Let Py be the toric stack associated to the stacky fan 3. We denote the usual bounded
derived category of coherent sheaves on Ps; by D°(Px). Such derived categories have
been studied extensively in literature, see for example [24].

Since the toric stacks we studied in this dissertation are generally only semi-
projective and hence not necessarily compact, we need another version of derived

categories, the compactly supported derived category, which we denote by D?(Ps).

Definition 22. Let Px be a smooth toric Deligne-Mumford stack cooresponding to
a stacky fan X. We denote the admissible subcategory of D°(Pyx) that consists of
complexes whose cohomology are supported on the compact toric divisors of Px by

Db(Px).

2.3.2 K-theory of toric stacks

In this subsection we look at the K-groups of the toric stack Px. Again, there are two
types of K-groups, the ordinary K-group Ky(Ps) and the compactly-supported K-
group K§(Px), which are defined as the Grothendieck groups of the derived categories
D*(Ps) and D%(Pyx) introduced in the previous subsection. We have the following

combinatorial descriptions.

Proposition 23. Let C, v; and > be as before. We denote the class of the line
bundle Opg (D;) corresponding to the ray v; by R;. Then Ky(Px) is isomorphic to

the quotient of the ring C[R:'] by the relations
[Tr" =1, wenNY and [[a-R), I¢3%
i=1 iel

Furthermore, if we denote the class of the structure sheaf of the closed substack

corresponding to a cone o; by Gy, then K§(Px) is a module over Ky(Psx) generated
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by Gy for all I € ¥ with o7 being an interior cone, with the relations given by
(1—R;")Gr = Gy if TU{i} €  and 0 otherwise, Vi.

Proof. See [8, Proposition 3.3, Definition 3.9]. O

There is a natural non-degenerate pairing x(—, —) between Ky(Pyx) and K§(Pyx)
called Fuler characteristic pairing defined as the alternative sum of the dimension of
Ext groups. More precisely, let F* and G*® be complexes in the derived categories

D*(Px) and DP(Ps) respectively, we define

X(F.7g.) = ZdimHome(Pz)(F.vg.[i])'

=0

In particular, if we take F* to be the structure sheaf Op,, and G* to be a coherent

sheaf, then this definition recovers the usual Euler characteristic of coherent sheaves.

2.3.3 Orbifold cohomology of toric stacks

In this subsection we descend further from the K-theories to the orbifold cohomology
groups. Again there are two types of orbifold cohomology theory associated to it,
namely the usual orbifold cohomology and the orbifold cohomology with compact
support. They are defined as the direct sum?® of the usual cohomology spaces of the
twisted sectors.

We have the following combinatorial description of the cohomology spaces of

twisted sectors.

Proposition 24. As usual, Star(o(7)) denotes the set of cones in ¥ that contain

o(y). Cohomology space H, of the twisted sector 7 is naturally isomorphic to the

3Strictly speaking the degrees of direct summands need to be modified by ages of the correspond-
ing twisted sectors. We omit them here since they will play no role in the main results.
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quotient of the polynomial ring C[D; : i € Star(o(y))\o(y)] by the ideal generated

by the relations

HD]-, J & Star(o(vy)), and Z p(v;)D;y p€ Ann(v;, i € o(7)).
jed icStar(o())\o(v)
There is a C[Dy, ..., D,]-module structure on H. defined by declaring D; = 0 for
i ¢ Star(o(7)) and solving (uniquely) for D;,i € o(7) to satisfy the linear relations
Yo pw(v;)D; =0 for all p e NY.
Moreover, the cohomology space with compact support H is generated by Fy for

I € Star(o (7)) such that oy C C° with relations

D;Fr — Frogy for i € I,1U {i} € Star(o(y))

and D;Fy for i ¢ I,1U{i} & Star(a(7))

as a module over H.,.

There is a natural integration map [ defined on each cohomology space HS with
compact support.

Proposition 25. There exists a unique linear function fw : HS — C that takes values

L

Vor, O each generator Fy with |I| = d+1—|o(v)| (i.e., of highest degree), where Voly

denotes the volume of the cone o7 in the quotient fan ¥/o(y). Moreover, it takes

value zero on all elements of HS of lower degree.

Proof. See [8, Proposition 2.6]. O

Now we give the definition of orbifold cohomology of a toric stack Ps.

Definition 26. The orbifold cohomology H?, (Ps) of the smooth toric DM stack Ps;
is defined as the direct sum @7 H., over all twisted sectors. Similarly, the orbifold

cohomology with compact support ngb’c

(Px) is defined as P, H5. We denote by 1,

the generator of H,.
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Remark 27. There is an involution map * on the orbifold cohomology H?, (Ps) that

orb

maps H, to H,v, defined by (1,)* = 1,v and (D;)* = —D;.

Remark 28. One can define an integration map [ : H}y .(Ps) — C by taking direct

sum of the integration map on each twisted sectors.

The K-groups Ky(Px) and K§(Px) are related to the orbifold cohomology H, (Px)
and H

ob.c(Ps) by the following combinatorial Chern characters.

Proposition 29. There is a natural isomorphism

ch: Ko(Ps) & Hyy(Pe) = D H,

vyEBox(X)
defined by
1, i & Star(o(7))
chy(R;) = q P, i € Star(a(y))\o(7y)
0 Tl el (B9, i€ (1)

Similarly, there is a natural isomorphism

ch®: K§(Ps) = Hyy (Ps) = €D HS

vEBox(X)
defined by
noo 0, I & Star(o(7))
chs ([ RiGr) =
=1 1T, chy(R¥)Fy, I C Star(o(y))
Proof. See [8, Proposition 3.7, 3.11]. O

Via the combinatorial Chern characters, the Euler pairing defined on K-theories



21

can be translated to the orbifold cohomology spaces HY, (Px) and H, .(Px). In

orb,c

terms of orbifold cohomology, the pairing has the following explicit formula.

Proposition 30. The Euler characteristic pairing x : Hy, (Ps) ® H}y, (Ps) — C on

the toric DM stack Py is given by

X(CL, b) (@’YG"WEB’Y Z |BOX | / Td a b

Here Td(v) is the Todd class of the twisted sector v, defined as

HiGStarU('y)\O'(’y) DZ .
HiGStara'(’y)(l o e_Di)

Td(y) =

Proof. See [6, Lemma 4.20]. O
The following easy consequence will be used in Section 4.3.

Corollary 31. The Euler characteristic of the sheaves represented by the class v €
K§(Pyx) is given by

1 (&
x) = > TBoxo ] L ch (v) Td(7)

v€Box(X)

Finally, there is a special type of characteristic classes of the smooth toric DM
stack Py, called Gamma classes, which play an essential role in the computation of
this dissertation. A similar definition has been introduced in [21] for general smooth

DM stacks. The version we used in this paper comes from [5, Corollary 3.14].

Definition 32. For each twisted sector v of Px, we define its Gamma class by

= ] 7w+ II ra+ 2D7Tii)

i€o(y) 1€Star(0(’7))\¢7(’7)
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which is a cohomology class in H7. We define the Gamma class of Px; to be the direct

sum of Gamma classes of all of its twisted sectors.

2.4 Better-behaved GKZ hypergeometric systems

In this section, we introduce the main object studied in this dissertation, the better-
behaved GKZ hypergeometric systems, and recall some basic properties and known

results.

2.4.1 Basic definitions

We recall the combinatorial setting from Chapter 1. Let C' be a finite rational poly-
hedral cone in a lattice N = Z™". We assume that all ray generators of C' lie on a
primitive hyperplane deg(-) = 1 where deg : N — Z is a linear function. This data
encodes an affine toric variety X = Spec C[NY N CV], with the hyperplane condition

equivalent to X being Gorenstein, i.e. having trivial dualizing sheaf.

Let {v;}, be a set of n lattice points in C' which includes all of its ray generators,
with deg(v;) = 1 for all 2. One can construct (stacky) crepant resolutions Py — X,
where the stacky fan 3 is obtained by subdivisions ¥ of C' based on triangulations
that involve some of the points v;. Note that the additional data {v;} in the definition

of 3 is chosen to be these deg 1 points.

As we have already explained in the introduction, a particular case of Kawamata-
Orlov K — D conjecture (a.k.a. DK conjecture) asserts that the derived categories of
coherent sheaves on Py, are independent of the choice of . In fact, it is expected that
there is an isotrivial family of triangulated categories which interpolates between the
categories in question. This rather mysterious family is well understood at the level of
complexified Grothendieck K-groups. Namely, these should correspond to solutions

of a certain version of the Gel'fand-Kapranov-Zelevinsky system of hypergeometric
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PDEs. In fact, due to non-compactness of X and Py, there are two such systems,
denoted by bbGKZ(C,0) and bbGKZ(C®,0), conjecturally dual to each other [8].
In the appropriate limit that corresponds to the triangulation 3, solutions to these
systems can be identified with usual and compactly supported orbifold cohomology

of Py, by means of two special Gamma series.

Now we give the definition of better-behaved GKZ systems.

Definition 33. Consider the system of partial differential equations on the collection
of functions {®.(z1,...,x,)} in complex variables z1, ..., x,, indexed by the lattice

points in C"

n

aiq)c = (I)chvia Z<,u7 U’L>xza’tq)c + <,U/7 C>q)c =0

=1

forallpy € NV, ce Candi=1,...,n. We denote this system by bbGKZ(C,0). Simi-

larly by considering lattice points in the interior C° only, we can define bbGKZ(C”,0).

Remark 34. A similar definition was introduced by Hiroshi Iritani [22] (who used
the term multi-GKZ systems) in his study of the quantum D-module associated to a

toric complete intersection and the periods of its mirror.

2.4.2 Gamma series solutions

Basic properties of such systems have been established in a series of papers of Borisov
and Horja. We briefly recall some of them.

The following result expresses the local solutions of the bbGKZ systems near a
large radius limit point corresponding to a toric stack Py as a Gamma series which
takes values in the orbifold cohomology (or equivalently, the K-theories) of the cor-
responding toric stack, thus explains the reason why such systems are naturally de-

categorification of the conjectural isotrivial family of derived categories.
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Proposition 35. Fix a triangulation > of the cone C. We define the cohomology-

valued Gamma series as

l] + 27r1

EBZH

YEBox(X) l€Lc ~ j= 1 +l + 27r1)

for each lattice point ¢ € C'. Then for any linear function f on the orbifold cohomology

H: ,(Ps), the composition f oI'. converges in the following region

Us ={(z;) € C": (—log |z,|) € b+ Cy, arg(x) € (—m,7)"}

where 1[1 is a point in the maximal cone Cy, of the secondary fan corresponding to
Y. This should be thought of as a neighborhood of the large radius limit point

corresponding to X.
A similar construction exists for the dual system bbGKZ(C®,0).

Proposition 36. We define the Gamma series which takes values in the compactly

supported orbifold cohomology as

z+2m
Lo(xy,... 2 D;
o=@ X Mgy (I

where o is the set of ¢ with [; € Z. and F,’s are generators of H_ 1 as a module over

H*

>+ Then for any linear function f on the compactly supported orbifold cohomology

H

abe(Px), the composition f oIy converges in the following region

Us = {(z;) € C": (= log|z,]) € ¥ + Cs, arg(x) € (—m,7)"}

where 1 is a point in the maximal cone Cs, of the secondary fan corresponding to X.

This system gives a holonomic system of PDEs. It follows from the general theory
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of holonomic D-modules that its rank (i.e., the dimension of the solution space) is
finite. For more background on this, we refer to [20]. In contrast to the usual GKZ
system where rank jumps may occur at non-generic parameters (see [26]), it is proved
in [7] that the better-behaved GKZ systems always have the expected rank which is

equal to the normalized volume of the convex hull of ray generators of the cone C'.

2.4.3 Duality of bbGKZ systems

It has been previously conjectured in [8] that the systems bbGKZ(C, 0) and bbGKZ(C*®, 0)
are dual to each other, in the sense that there is a pairing (-,-) between solutions

¢ = (®.) and ¥ = (V) thereof in the form
(D, 0) = ch,d(X)q)c‘I’d,
c,d

where p. 4 are polynomials in x, with only finitely many of them nonzero. This pairing
should be constant in x and could be viewed as the duality of the local systems
of solutions. A nontrivial example of this duality has been verified in [8] and the
rk(N) = 2 case has been settled affirmatively in [6]. Moreover, in certain regions of
x that roughly correspond to the complexified Kahler cones of Py;, one can construct
solutions of bbGKZ(C,0) and bbGKZ(C®,0) with values in certain cohomology or
K-theory groups of Py;. Then it was conjectured in [8] that the above pairing should
give (up to a constant) the inverse of a certain Euler characteristic pairing on these
spaces.

In [5], Borisov and the author were able to verify both statements and thus prove
Conjecture 7.3 of [8] in full generality. In fact, we proved a slightly stronger statement

which allows for arbitrary parameter 5 € C". We briefly recall the main result here.

Specifically, the following formula provides the pairing in question. Let v € C° be

an element in general position. For a subset I C {1,...,n} of size kN we consider
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the cone o7 = Y. _; R>ov;. We define the coefficients &, 47 for ¢ +d = vy as

i€l

¢ (—1)%&© if dimo; = rk N and both ¢ + v and d — v € 03
c,d, ] —
0, otherwise.
Here the condition has to hold for all sufficiently small € > 0. As usual, we denote by

Vol; the absolute value of the determinant of the matrix of coefficients of v;, 7 € I in

a basis of N (i.e., the normalized volume of 7).

Theorem 37. For any pair of solutions (®..) and (V) of bbGKZ(C, B) and bbGKZ(C®, —p)

respectively, the pairing

(®,0) =Y &ar Vol (H x) D0,

cd,] iel

18 @ constant.

Now we restrict to the case 5 = 0 since this is the case related to mirror sym-
metry. As was mentioned in the last section, for a regular triangulation ¥ there is a
description of solutions to bbGKZ(C,0) and bbGKZ(C®,0) in terms of the Gamma
series I' = (I'.) and I'* = (I'9) with values in the (usual and compactly supported)

orbifold cohomology H}

orb

(Ps) and H}

abe(Ps) associated to Py.

Theorem 38. The constant pairing (I',T°) is equal up to a constant factor to the

inverse of the Euler characteristic pairing x(—, —) : H:.,

(Pg) ® H:, (Ps) — C.

rb,c

2.5 A D-module formulation of bbGKZ systems

The (original version of) GKZ hypergeometric systems have been extensively studied
by using the theory of D-modules, see e.g. [26,28]. The better-behaved GKZ systems

can also be formulated in terms of D-modules. Since the content of this section
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will not be used in the remainder of this dissertation, we provide only a very brief
introduction. For a comprehensive study of the theory of D-modules, we refer the
readers to [20].

We denote by D the Weyl algebra with n variables defined by
D = C[xh U 7xn]<al7 U 78n>

where there are relations [x;, z;] = [0;,0;] = 0 and [0;, z;| = J;; for any 4, j. Note that

every element in D can be written as a finite sum

o \" o \"

More generally one can consider the sheaf of differential operators on an arbitrary

algebraic variety X. We focus on the affine case X = C" in this dissertation.

There is a close relation between left modules over D with systems of linear PDEs.
As an simple example, let P € D be a differential operator, and consider the differen-
tial equation Pu = 0, where u € Oy, is a holomorphic function on C"”. We associate
a left D-module M = D/DP to this equation. It is easy to see that the space of
classical solutions to this equation is naturally given by Homp (M, Opy).

There is a particularly nice class of D-modules, called holonomic D-modules,
whose precise definition is given in [20, Section 3.1]. Roughly speaking, holonomic
modules corresponds to systems of linear PDEs whose solution spaces are finite-
dimensional.

There exists a duality functor on the derived categories of coherent D-modules

D: DY

coh

(Dx —mod) — D°,, (Dx — mod)®

coh
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defined as
M?® — (RHomp, (M*, Dx) ®0, wy) [dim X]

where wy is the dualizing sheaf of X. The dual of a holonomic D-module is also

holonomic.

Definition 39. The bbGKZ D-module bbGKZ(C, ) associated to the cone C' and

parameter [ is defined as the left D-module

@D-lc/< Y D-Ole—legw)t+ D D-(Eu—u(ﬁ—c))dc)

ceCNN ceCNN,;i=1,-,n ceCNN,ueNY

where E, = Y ", u(v;)x;0; is the Euler operator. We can define bbGKZ(CV, ) in a

similar manner by replacing C' by C°.

Reichelt, Sevenheck and Walther [29] have studied bbGKZ systems in terms of
D-modules and Euler-Koszul complexes. In particular, they proved that the systems
bbGKZ(C, f) and bbGKZ(C®, —f) are holonomic dual to each other, up to a shift
of grading. The holonomic duality then implies the existence of a non-degenerate
pairing between these two D-modules (for the precise statement, see [29, Theorem
5.9]). While their approach is more general and a priori contains more information
than the pairing introduced by Borisov and the author, the explicit formula of the
latter allows one to compute the asymptotics towards the large radius limits and to
verify the GKZ pairing actually recovers the Euler pairing on the associated toric
stacks. In principle, their pairing should agree with the explicit formula we provided
here, however by the time this dissertation was finished we have not been able to

prove it.
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Chapter 3

Analytic continuation of Gamma
series and Fourier-Mukai

transforms

In this chapter we prove the first main result of this dissertation:

Theorem 40 (= Theorem 54, 55). The following diagrams commute:

—OF+

Ko(Ps;, )Y ——% Sol(bbGKZ(C, U,))

lFMV lMB

Ko(Ps_ )Y —2= Sol(bbGKZ(C, U_))

K¢(Ps, )Y ——% Sol(bbGKZ(C®), Uy)
J{(FMC)v lMBC
K¢(Ps )Y ——= Sol(bbGKZ(C®), U )

where the horizontal arrows are mirror symmetry maps, FM (FM¢) and MB (MB€)

denote the Fourier-Mukai transforms and analytic continuation transformations of



30

solutions respectively.

This chapter is organized as follows. In Section 3.1 we compute the analytic con-
tinuation of Gamma series solution by applying the Mellin-Barnes integral method.
In Section 3.2 we give a combinatorial formula for the pullback-pushforward functor
associated to the toric wall-crossing, and observe that it coincides with the computa-
tion of the previous section. In Section 3.3 we utilize the duality result on the bbGKZ

systems to deduce the parallel results for the dual systems.

3.1 Analytic continuation of Gamma series

In this section we compute the analytic continuation of Gamma series solutions to
bbGKZ(C,0).
Recall from Section 2.4.2 that the Gamma series solution to bbGKZ(C, 0) associ-

ated to a triangulation X is given by

D
-7+27Tl

@ZH

yEBox(X) l€Lc,~ 1 +l + 27r1)

and there exists a point 1& in the maximal cone Cfy, of the secondary fan corresponding

to X such that the series converges absolutely on the open set
Us = {(x;) € C" : (~log|z,|) € P + O, arg(x) € (—m,7)"}

which should be thought of as a neighborhood of the large radius limit point corre-
sponding to .
We introduce some additional notations that will be used later. We define L., ,

to be the subset of L., with the additional property that the following set

Il)={i:l; € Zoo}Uo(y)={i:l; € Z>o}
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is a subcone of the maximal cone o. Note that an element [ € L., has a nonzero
contribution to the series if and only if it lies in one of the subsets L., ,. Along the
same line as the proof of [5, Proposition 3.8] we can prove the following result. See

also [10, Proposition 2.8] for a similar result for the usual GKZ systems.

Proposition 41. For each maximal cone o, the subseries

l+Dj

27i

EBZH

YEBoX(E) l€Le .0 j=1 1‘” +2m)

is absolutely and uniformly convergent on compacts in the region
Us = {(z;) € C" : (—log|z;|) € Yo + Cs, arg(x) € (—m,m)"}

where C, denotes the union of all maximal cones Cy in the secondary fan that cor-

responds to triangulations ¥ such that ¢ € ¥, and 1[)0 is a point in C,.

Remark 42. More generally, for any subset of maximal cones J of ¥, the subseries
taken over the union of all L., , for o € J converges absolutely and uniformly on com-
pacts in U; := NyesU,. In particular, the open set Uy, is a subset of the intersection

of U,’s for all o € X.

Furthermore we define Lg%, to be the union of L., , for all o € ¥*. Note that Lg%,
is non-empty only if v € Box(¥%). We define the essential part I'e® = ©,I'¢% of the
Gamma series I'. to be the subseries that consists of terms corresponding to [ € L¢’

namely

l]-i—

27i

re = EBZH

Y 1oL 2 1+l+ 55)

and the non-essential part to be I'; — I'¢°.
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Henceforth we will add superscripts + to the notations defined above to distinguish

between Gamma series associated to different triangulations .

The main goal of this section is to compute the analytic continuation of the
Gamma series solution I'" to bbGKZ(C, 0) defined on Us;, along the following path

(see Figure 3.1) to Uy _:

e The start and end points . € Us, should be chosen so that both of them lie
in the open set Us, s ' and satisfy arg(z,); = arg(z_); and —log|(z);| +

log |(z_);| = Ah; for any j and some constant A > (.2

e The path z(u), 0 < u <1 from z, to z_ is chosen so that for any u € [0, 1]

arg(z(u);) = arg(wy); = arg(z-);,

log a(w);| = (1~ u) log |(z,),| + ulog]|(z);].

Moreover, we require the argument of the following auxiliary variable
n
L imYicr by h;
y:=e I H:cj]
j=1

is restricted in the interval (—2m,0) along the path. The existence of this path

is guaranteed by the choice of x.

Remark 43. The restriction on the argument of the variable y is imposed to avoid

introducing monodromy during the process of analytic continuation.

The main idea comes from [10] where the technique of Mellin-Barnes integrals
is used to compute the analytic continuation for the usual GKZ systems. The main

difference is that while they worked with K-theory-valued solutions, we work with the

Here ¥, N'Y_ denotes the set of common maximal cones of ¥, see Remark 42.
2This condition is equivalent to say that the line connecting log |(z4);| and log |(z_);| is perpen-
dicular to the wall that separates ¥ and ¥_ in the secondary fan.
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Tt

/ Wall
L Us

Figure 3.1: Path of the analytic continuation

orbifold cohomology-valued solutions which makes the computation simpler, inspired

by the approach of [13].

Remark 44. Let us make a remark here that throughout the remaining of this
section, we think of the symbols D;’s as generic complex numbers. The reason will

be clear once we arrive at the proof of Theorem 54.

In the following we study the analytic continuation of the essential part and the

non-essential part separately. The latter case is easier.

Proposition 45. The analytic continuation of I'f — I'>** along the path A is equal
tol', —I'.

D.

it ok

Proof. By definition each single term [[7_, F(f]liD]) in the non-essential part I'T —
Hit

Fci’es corresponds to some [ € | L., . According to the choice of x4 both of

ceX NE_
them lie in Uy, ny_, the convexity then assures that the whole path x(u) is contained
in this open set. Therefore by Proposition 41 the non-essential parts I' — I'F are

analytic on a open set which contains the analytic continuation path. This finishes

the proof. O
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The rest of this section will be devoted to the continuation of the essential part
', From now on we fix a twisted sector v € Box(X ) such that L. is non-empty®
and look at the corresponding component of the Gamma series.

Recall from Section 2.2 that h is the primitive integral linear relation associated
to the wall-crossing from Y, to X_. It’s clear from the definition that A acts on the
lattice Ljﬁ by translation. It’s also clear that if [ € Lif;f then for any m > 0, the
translation [ + mh also lies in Lg% (see [10, Proposition 4.7] for a similar result for

usual GKZ systems). Hence the following subset of LZS;YJF
Jest - es + es +
Lt ={le LT l-hg L

is well-defined, and L¢" = L + Zsoh. We can define Les 7/ in the same way with

an appropriate change of signs.

With this notation, the essential part Fj,zyes is equal to

J+271'1 l/ +mh +27rjl

ZZH

27r1 rereyt m=0j=1

ZH

leLes-‘r] 1 1+l +

1+l’+mh + 2y

By applying the Euler identity I'(2)['(1 — 2) = Sy We can rewrite the product as

H £ Hjel_ MF( ¥ —’mhl) 27r1) ‘ ( Sier Hm )

Now we consider

Sin(ﬂ(_l;_%))r(—l/- — sh, — &)
= 7 J 27 F(—S)F(l +S) (eiﬂ'y)S

I(s) = — ﬁxl;JrfTJ Hje}_

D.
e I [Tigr DL+ + shj+ 5%)

3If the set L.~ is empty, then the corresponding component I'. , is equal to zero, thus there is
no need for analytic continuation.
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where y = ™ 2se1- [I;-, z;". There are two types of poles of I(s):
e Integers s = m € Z, which come from the factor I'(—s)['(1 + s).

® S =DPrw = —hlk (L, + 2m) + 55 k€ I, w € Z>p, which come from the factor

[Le; T(= — sh; — 2i).

The reason why we use this specific form of I(s) is that the residue of I(s) at

integers s = m € Z is exactly

ml’+mh +2m

::]:

Ress—mez I(s) =

o DA+ +mhy + 5 21

that is what we have in the original Gamma series. Also note that the residues at
non-positive integers are in fact zero, which follows directly from the definitions of I’
and EZS;Y*.

The next step is to compute the residues of I(s) at pg,. An application of the
Euler identity together with an elementary computation show that

D
l;+5hj+2—ﬂji

Tei sin(r (1, — %)) (Syer ho)e z;
I(S):—. H )) R ") HF(

sin(—ms) ier sin(m(=l; — shy — 3% L4105+ shj + 2,“)

2mi

. —2irm l’ n l’+5h +
2mi 1—e +om
T ] — e—2ims H _ H
e 2im (I +sh; + T

el 1—e =) i 1+l’+sh+ T4y
It suffices to look at the factor 1/(1 — e~ 27 +5hk+2m)) whose residue at py,, is equal
to 2mh . Putting all these together we get

—2im (Ui +

1 — € 217T(l/ 21r1 27r1)

1—e
Resszpkyw [(S) hk(l _ 6—217rpk,w) H

el 1— —217r(l +Dk,whj +
ik
l/ +pk wh]+2m

27r1

EF l—l—l'—l—pkwh +2m)
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Now we introduce a new notation. We write w = wq - (—hy) + 7, where wg, r € Z and

0 <r < —hy, and define

I —r
I":=1+2%*_h.
+
Then we have
1410 R R S L D; — i Dy
+j+pk,w j+%_ _'_(j_h_k j+wh_k)+(T)
D; — Dy

=1+ (l;’ - 'LUohj) + ( )

2mi

We denote the associated twisted sector by 7*7) € Box(X®). The key observation

] T es,—
is " € Lm(km).

Lemma 46. Given a [’ € ngj, ke I_and 0 < r < —hy, there is a uniquely

determined essential twisted sector v*7) € Box(X_)® such that " € [Njis,’y?km).

Proof. The twisted sector Y*7) is defined as the associated twisted sector of I in the
sense of Lemma 18, i.e., 7 := 3" {I7}v;.

First we show that v*7) is an essential twisted sector in ¥_. This is equivalent
to show that {j : I ¢ Z} is a subcone of an essential cone in ¥_. Since I’ € fo, we

can write
Il ={j:l; ¢ Z>0} € FUI\{i} € X%

for some separated set F and i € 1. Take j such that IJ ¢ Z. If j & I, then h; =0
and [ = [, therefore j € I(l'), hence j € F. On the other hand, if j € I, then j # k
because by the definition of {” we have I} = r € Zs( therefore k ¢ I(I"). Now we
conclude that I(I") C F U I\{k}, which is an essential cone in ¥_ because k € I_.

S, —

This also shows that I” lies in L, .
CYY
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Next we show that I” € f/is;fk,r). It suffices to show that I” + h & Lis;?m). This
follows from the construction of [”. Note that I” is chosen such that I} = r € Z>q while
I +hy =r+hyg € Zy, this implies that 1(I") C FUI\{k} while I(I"+h) € FUI\{k}.

Therefore I” + h & Lisjy?kﬂ and the proof is completed. O

The first two terms in the residue can be written as

. D;
1 — - 2in(l+38) —2im(l+ 5.4

2 H 1—e 2
I Dy, hj

—2im(Epk o)y . Dj—5y Dk
hk-(l —e hp. 2mihy, ) inz/; 1 _ 6_217T(l;'l+ 27rli€ )

kr) To see

We claim that this factor only depends on the twisted sectors v and 7!
this, recall our choice of the lifting Box(¥1) — K. made in Remark 20. It’s then
clear that (I’ —1") — (v — 4*") is also a rational multiple of h. However the left side
has integral coordinates, which forces the right side to be a integer multiple of A due
to the primitivity. This implies that the k-th coordinate (I}, —{}}) — (v — 7,(!”)) is an

integer multiple of hAj, which means

G-l oy o
—2im( Ry, *27rihk) =1—= 6*2”( hy, 2mihy,

1—e

Together with the facts that ) = v; and I] = 7](-]”) modulo Z, the original factor is

then equal to

I T (14 (I — wohy) + ———)

2mi

. D . D;
1 — e~ 2in(mt3k) 1 — e 2m(vit3%)
C’Y(k»r) = ’Yk_,y(k,r) b b
—2im (Sl ——5i) el “2in(y ) ¢ e Tk
— —hy, mihp : _ w(y; = )
hk(l e ) 4k 1—e J 2
hence the residue is
h.
D;—-L D
n (U —wohy)+(——5E—)
Z;
Res—p, , 1(5) = C i - H oy



38

Finally, we use the techniques of Mellin-Barnes integrals to finish the computation.
First of all we fix a I’ € ngf and do the analytic continuation to the corresponding

subseries

l+mh+

27r1

mZOJHlF 1+l’+mh +2m)

We consider the contour integral

1 1 a+ioco

— [ I(s)ds = — I(s)ds

27 Jo 211 4 ioo

Here the contour C' is parallel to the imaginary axis, and the real part a of C' is a
negative number satisfying € < |a| < 1 for some € > 0 which avoids any pole of the
integrand.

Now by [10, Lemma A.6] (see also the proof of [10, Theorem 4.10]), the sum of

residues of I(s) at the poles on the right side of the contour C'

l’ +mh; +2

Z H + Z Res,, ,I(s) (3.1.1)

/
m=0 j=1 F 1 + l + mh + 27r1) Pk,w on the right side of C

is analytically continued to

— Z Res,, ,I(s) (3.1.2)

Dk, w on the left side of C'

that is the negative of the sum of residues of I(s) at poles on the left side of C'. Note

that for a fixed I’ € Lt the real part of the poles Pkw 1s bounded above, therefore

cy

the second sum in (3.1.1) is finite. Therefore we can add the negative of it to both of
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(3.1.1) and (3.1.2), and deduce that

l’ +mbh; + 27”

j[[lr 1+l’+mh + 2L

is analytically continued to

h.
D;—+LD
R k
o n = wohs) T —)
=2 2 Cen 2 II—
kel- 0< h ! =0j=1 " Dﬂ_thk
€l 0sr<—hy wo=Y 7= F(]_ + (l] — U)()hj) T)

To proceed with the analytic continuation, we need some analytic results and
estimates. The corresponding results in the setting of the usual GKZ systems could
be found in [10]. Indeed, the results in this appendix could be proved word for word
following the argument therein.

We denote the intersection of the cone Cx, and Cy_ in the secondary fan (i.e.,

the wall defined by the linear relation h) by C.

Lemma 47. For any k, A > 0 there exists ¢ in the interior of C such that for any

I' € L™ we have

> U > k||
j=1

for any u € C + ¢+ a and any a € R™ with |ja|| < A.

Proof. The proof is the same with the proof of [10, Lemma 4.11], the only difference
is that the Z‘;Sf is a shift of the S’ therein. See also the proof of [5, Proposition

3.8]. O

Lemma 48. There exists A > 0 and ¢ € C such that the set

Va = U (C+¢+a)

a:l|al|<A
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intersects with Us,, , and such that the integral®

is absolutely convergent on the region U defined by
U={(z;) € C": (—loglz;|) € V4, —2m <argy <0, arg(x) € (—m,m)"}

Proof. The proof is parallel to the proof of [10, Lemma 4.12]. The contour is defined
by s = a+it for t € R. By applying [10, Lemma A.5] we see that the integrand Iy (s)

is controlled by

|y|a€7(ﬂ+argy)t(‘t’+1)R+n/2€77r\t| Z (4ek)||[’||eZl;.log|wj|
reLet
for some R > 0 independent of I’ Now apply Lemma 47, we can choose ¢ in the

interior C' such that on the set V4 we have
(4ek)W'”ezl3' log|z;| < o—ell’l

for some € > 0 and any I’ € Zzs:f and x € U. Since ||I'|| is of polynomial growth, the
sum over all I is still controlled by an exponential function with negative exponent.
Hence the integral is absolutely convergent and therefore defines an analytic function

over U. ]

Now Lemma 48 together with the fact that the sum of the second term in (4.2.1)
over all I’ € fzi’sf is absolutely convergent (because it is a subseries of a finite sum of

the original gamma series) allows us to deduce the following desired analytic contin-

4Here we use the subscript I’ to emphasize the dependence of the integrand on I’.
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; +
uation of I'T

hj
Djfh—ka)

(l;',*woh]')“k( o

DD VLI D 1 v e

kel_ 0<r<—hy e LES « ) wo=07=1 P(l + (l” - woh’ ) ]2%)

that is
2 : 2 : —,es
ny(k,r) FC,’Y(k’T> ’Dj_)Dj_%Dk
kel_ 0<r<—hy k
s h;
where the subscript of F (k 9 n; - denotes substitution of D; by D; — %Dy,
D —>D ——Dk ]’Lk

and we have used the fact I € Lisvzkm). Therefore we have proved the following result.

Proposition 49. The analytic continuation of I”r ° is given by

_ E E (kr)Fc,Y(kr)|D —)D'——Dk

kel_ 0<r<—hy

3.2 Fourier-Mukai transforms

In this section we compute the Fourier-Mukai transform associated to the toric wall-

crossing Py, --» Py, and match it with the analytic continuation computed in Sec-
tion 3.1.
The Fourier-Mukai transform associated to the flop Py, --» Py, was studied by

Borisov and Horja in [11] and [10]. More precisely, they computed the images of
the K-theory classes R; of Py, under the pullback and pushforward functors and
obtained the following formulae for the K-theoretic Fourier-Mukai transforms. See
[10, Proposition 5.1, 5.2].

Before we state their result, we introduce some notations first. Let v = >~ (74),v;
be an essential twisted sector of ¥ . We denote by Z(v,) the set of complex numbers

t such that ¢?70+)i . thi = 1 for some j € I_. It is proved in [10, Section 4] that this
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set is finite, consists of roots of unity, and is in 1-1 correspondence with the adjacent

twisted sectors of v,.

Proposition 50. (1) For any analytic function ¢ and J which is not a subcone of

any essential cone, the class

[T = R)e(R)
jeJ
remains unchanged under the Fourier-Mukai transform.
(2)For any analytic function ¢ the image of the K-theory class ¢(R) = (R, -+ , R,)

under the Fourier-Mukai transform FM is given by

FM(¢(R)) = (FM(p)(R))(1)

where the function FM(y) is defined as

FM(¢p)(r) Z /C rth dt

teT

1— T

m Hjel W’ 7 is a set of roots of unity of a large enough

where T'(r, ) = -
order such that it contains Z(yy) defined above for all essential twisted sectors 7, of
Y. The contours C; for t € Z are circles defined in a way such that they include
all poles of the integrand in the interior, and R; is the endomorphism on Ky(Py,)

defined by multiplication by R;.

In this section we use the formulae of Borisov-Horja to compute the Fourier-Mukai
transform of the non-essential part I', —I'_"* and the essential part I',**® separately.

A comparison of the computation in this section with the one in the last section hence

yields the FM=AC result for bbGKZ(C,0).

The non-essential part is easier to deal with.
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Proposition 51. The Fourier-Mukai transform FM(I', — ') is given by

FM([; — ;) =T, — [,

Cc Cc

D
n xl-j+ﬁ . .
- ———+— in the non-essential part
J=1 Dj
D(14+1+52)

I'7 —T'.*, the set I(l) (therefore {i : l; € Zy}) is not a subcone of any essential

Proof. By definition for each single term []

cone. Hence it contributes a factor of the form [[;.; D; where J is not a subcone of

D

any essential cone. Note that D; can be written as the product of 1 — e™7 with an

invertible element, the original product can be therefore written as

[10 —e)3(0)

jeJ
where ¢ is an analytic function. Taking direct sum over all twisted sectors 7, we see
that under the Chern character Ko(Ps,_) — . H,, the non-essential part I, — I,
is exactly of the form [],_;(1 — R;)p(R) for some analytic function ¢. Now the

statement follows from the first part of Proposition 50. O

In order to compare the Fourier-Mukai transform of the essential part I',** with
the analytic continuation computed in the last section, we first rewrite the formula in
the second part of Proposition 50 by computing the residue of the integrand explicitly.
Recall that K((Pyx) is a semi-local ring whose maximal ideals are in 1-1 correspondence

with twisted sectors v € Box(X).

Proposition 52. For any analytic function ¢ we have

¢(2), if v & Box(X4)*®

=D Y Canelz@®)h), if 4 € Box(3,)®

kel_ 0<r<—hy

FM(¢)(2)y

k,
Wk—w,i )

D
T m) for ke I, 0 <1 < —hy.

where pF7) .= e A



44

Proof. Fix a twisted sector v € Box(X,), we localize at the point r; = ePi+2m

corresponding to v. If v & Box(X, )%, then by definition of Z the integration kernel
T(r,t) has no pole inside the contours Cy, therefore the second term in the formula
is equal to zero.

Now suppose v € Box(X,)®. The poles of T'(r,t) are 1 together with #’s such that

there exists k € I_ with 7t = 1 where rj, = eP+t2™%_ The set of poles is then
— 1 (27 2mi
{6 hk(2 ’YkJer)(ehk )r ke I_,O <r< _hk} ]

An elementary calculation shows that this set is in fact the same as

(ksr)
. Y= D
{p(k’” =TT ) kel 0<r< —hk}

(k,r 5

where 7*7) is defined as in the previous section®. To demonstrate this, we observe
that according to Remark 21, any two liftings differ by an integer multiple of h.
Thus, p*7) does not depend on the choice of lifting, and the set {fy}f’”} is equal to
{0,1,--- , —hy — 1} modulo —hy. To compute the residue of T'(r, f) at these poles, it

-1
suffices to consider the factor % The residue is then equal to
Tk

o L_e Dty (1 — )
2miRes;_ i T'(r,t) = i . '
t=p(r:k) ( ) p(r’k) 1 jl;[ 1 — e—Dj—2Tr17j (p(’f',k))—hj hk
ik

D
k 3 . J
_ 6_217r('7j + 27.-1)

. D
2mi(—m— k) _

1
- 2irw (. (k) ﬂ) H

== Yk T ori : . D»—ﬁD
hk(e Ry Tk k=3 1) in[l; 1 o2 ,k)_,’_%;fk)
- ’Y(k’T) .
Putting all these together we obtain the desired result. O

5We note that the 'y,(gk’r) denotes the k-th coordinate of the lifting we chose for 4*) in the sense
of Lemma 20, not necessarily equal to {l} } which is zero.
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Corollary 53. The Fourier-Mukai transform FM(I', ) is given by

C

—.es . : : z : —
FM(FC )'Y - C’Y(k’r) Fc’,y(k,r) |Dj_>Dj_Z_JDk
k

kEI- 0<r<—hy,
for each twisted sector v € Box(3, ).
Proof. Apply Proposition 52 to I'_ . ]

Theorem 54. The following diagram commutes:

Ko(Ps, )Y =% Sol(bbGKZ(C, U,.))

lFMv lMB

Ko(Ps_ )Y~ Sol(bbGKZ(C, U_))

Proof. This is equivalent to prove that for any linear function ¢ : Ko(Py;, ) — C there

holds
poFMol'_ =MB(poTly)

which follows directly from Proposition 45, Proposition 49, Proposition 51, and Corol-
lary 53. It is important to note that this also explains why, in Section 3.1, we made

the assumption that all D;’s are generic complex numbers. O

3.3 Compactly-supported derived categories and
dual systems

In this section we make use of the duality result in [5] to prove the analogous result
for the dual system bbGKZ(C*,0).
Recall from Section 2.4.2 that there is a similarly defined Gamma series solution

[ with values in the compactly supported orbifold cohomology Hj, . = @7 HS to
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the dual system bbGKZ(C®,0). We define

o) =@ X 1y e (HD)

Y lE€Lc 1= 1 27T1 i€0

where o is the set of ¢ with [; € Z_.g and F,’s are generators of H*, = as a module

orb,c

*
over HJ, .

The main theorem of this section is the following analogous result for the dual

system bbGKZ(C"®,0).

Theorem 55. The following diagram commutes:

K¢(Ps, )Y ——% Sol(bbGKZ(C®), Uy) (3.3.1)
l(FMC)V \LMBC
K&(Py )Y —= Sol(bbGKZ(C®), U_)

First we prove that there is a well-defined compactly supported K-theoretic Fourier-

Mukai transform FM® : K§(Ps_) — K§(Pyx, ).

Lemma 56. Let f : Py — Py be the weighted blow-up along the closed substack

Ps/o,, where o is a cone in ¥ (not necessarily an interior cone). Then there are

s 0)) S 71 (0),  f(r:'(0) € 7' (0)

Spec C[CY N NY]
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which induces the following Cartesian diagram

Pg\m5 ' (0)— Py

|k

Py \my' (0)—— Px
the lemma follows directly from the commutativity of this diagram. O

Theorem 57. The Fourier-Mukai transform FM : D*(Ps, ) — D®(Pyx, ) maps D?(Ps._)
to D? (PE+).

Proof. The center Py,_/;, of the blow up Py, — Px_ can be viewed as the zero locus

of a regular section of the vector bundle £ = @._; Op, (D;), therefore the blow up

JEly

f- can be decomposed as

where Pp, (EV) is the projective bundle associated to EV, and p is the projection.
This is well-known for varieties, and can be proved for stacks similarly.

Let .Z be an arbitrary coherent sheaf on Py, supported on 75" (0). We first prove
that L(f-)*(#) is supported on 7 1(0). Since i is a closed immersion, it suffices to

show that i, L(f-)".# is supported on the image of 7 1(0) under i. Note that we have
LL(f)'F =i Li'p'F = p*F @"i,0p,

here we used the facts that p is flat, 7, is exact and R( f_)*ﬁ]p2 = Op,, . From this

b

we have

supp(i.L(f-)*F) C supp(p"F) Nsupp(i. O, ) C p~ ' (supp(:F)) Ni(Py)
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Cp (m5l(0)) Ni(Pg)

It suffices to show that p~!(7y' (0)) Ni(Pyg) C i(my, 1(0)), which is again equivalent to
(f) Y(ms'(0) C Tg 1(0). Applying Lemma 56 we get the desired result.
Now consider an arbitrary complex .#* in D?(Ps,_), we argue by induction on the

length of .#°. Denote the lowest degree of non-zero cohomology of .#* by iy, then

there exists a distinguished triangle
HO(F )| —ig] = F* — G — A(F)[1 — i

where the i-th cohomology of ¢* are isomorphic to that of .#* for all i > iy and the
1o-th cohomology is zero. Apply the derived pull-back we get a distinguished triangle
in Db (]P)ﬁl)

L(f-) A (F*)[=io] = L(f-)"F* — L(f-)'9* — L(f-)" A" (F*)[L — ig]

By induction assumption both L(f-)*5#°(#*) and L(f-)*%* are supported on 7 10),
taking stalks of this distinguished triangle we get that L(f_)*.%* is also supported
on Ty, 1(0).

Next we look at the pushforward R(fy ). : D*(Pg) — D"(Pyx, ). Take an arbitrary
complex J* in D?(Ps). Consider the following Cartesian diagram used in the proof

of the lemma:

Pg\mg. ' (0)— Py,

o

Pg, \my, (0)——Px

Apply the flat base change formula then we see that the restriction of R(fy)..#*
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to Pg+\7r§i(0) is zero, that is, R(fy).#* is supported on ng(()). So R(f:). maps

DP(P,) into D2 (Py, ). O

Therefore the Fourier-Mukai transform induces an isomorphism FM¢ : K§(Py. ) —
K§(Py, ) of compactly-supported K-theories. Now we are ready to prove the main

theorem of this section.

Proof of Theorem 55. Since FM is an equivalence of categories, we have

X-(&1 (&) = D _(=1)" dim Hompu e, (&7, &5 1))

i

= Y (—1)"dim Hompp ey, ) (FM(&), FM(&5)]i]) (3.3.2)

%

= x+(FM([67]), FM([£5]))

where y1 denotes the Euler characteristic pairing on Py, . Hence FM preserves the
Euler characteristic pairing.

To proceed, we need the following duality result for the pair of better-behaved
GKZ systems, proved in [5, Theorem 2.4, 4.2]. More precisely, there is a non-
degenerate pairing between the solution spaces of bbGKZ(C,0) and bbGKZ(C®, 0)

(=, =) : Sol(bbGKZ(C, 0)) x Sol(bbGKZ(C®,0)) — C

that corresponds to the inverse of the Euler characteristic pairing in the large radius
limit under the isomorphisms given by the Gamma series solutions.

Now consider the diagram:

K¢(Ps, )Y — % Sol(bbGKZ(C®), Uy)
l(FMC)V lMBC
K&(Ps )Y —= Sol(bbGKZ(C®), U_)
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To finish the proof, it suffices to show (FM°)Y(g) oI'> = MB“(g o I'?) for any g €

K§(Ps, )Y. Take an arbitrary f € Ko(Px, )", we have

(FM)Y(f) o T, (FM*)"(g) o TZ) = x L((FM)*(f), (FM)"(g))
=x1(f,9)
=(fol4,goTI%)
= (MB(foT'4),MB(gol?))

= ((FM)*(f) oI'_, MB*(g o I')).

Here the first and third equalities follows from the duality of bbGKZ systems, the
second equality follows from (3.3.2), the fourth equality follows from the definition of
analytic continuation and the last equality is Theorem 54.

Since the pairing of solutions is nondegenerate and (FM)Y(f)oI'_ span the whole

solution space, we obtain the desired result. O

Remark 58. The main result in this chapter shows that certain monodromy (given
by analytic continuation along certain “loops” in the stringy Kéhler moduli space) of
the local systems of solutions to bbGKZ systems matches with the monodromy on the
derived categories (given by twisting by line bundles). It would be very interesting to
match other types of monodromy, e.g. spherical twists on the derived categories that
are not just twisting by line bundles, and analytic continuation along loops around
other components of the GKZ discriminant locus. This question seems to be difficult
since the standard Mellin-Barnes integral technique will no long work in this general

situation.
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Chapter 4

Local mirror symmetry and

integral structures

In [19], Hosono studied local mirror symmetry (i.e., Hori-Vafa mirrors) in 2- and

3-dimensional cases. We briefly review one of the examples therein.
Example 59 (2-dimensional cases). Consider the A,-singularity C?/Z, ., and its

minimal resolution X. Hosono considered the following mirror of X:

Y = {(u,v,w) € C* x C*: u® +v* + f(w) = 0}

n+1

where f(w) = ap+ ayw+ -+ -+ a,w™. The A-brane central charges are defined as

1 dw
/ 5 5 —dudv—
L u v+ f(a;w) w

where v € H3(C? x C*\Y,Z), and the B-brane central charges are defined as certain

hypergeometric series in a similar manner to the Gamma series we used here.

A straightforward generalization of this example to higher dimensions is the fol-

lowing.
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Definition 60 (Higher-dimensional Hori-Vafa mirrors). The B-models are given by
(d + 1)-dimensional toric Calabi-Yau orbifolds Pyx as in subsection 2.4.1, where ¥ is
a triangulation supported on a cone C' over a lattice polytope A of dimension d and

height 1. Its mirror is defined as

Y = {(u,v,w) € C? x (C)*: u? +v* + f(w) =0}

where f is a Laurent polynomial whose Newton polytope is A. The A-brane central

charge is defined as

/ SR ! dudvd—w
L ur v+ f(a;w) w
where v € Hyys (C? x (C*)N\Y, Z).

In this dissertation, we consider a slightly different version of the generalization
to higher dimensions. Instead of a hypersurface in C2 x (C*)4, we simply consider the
hypersurface defined by the vanishing of the Laurent polynomial f in the algebraic
torus (C*)?. Furthermore, we define our version of A-brane central charges as period

integrals over certain cycles in the homology group Hy (((C*)d\Z i3 Z).

Remark 61. We note that there are some issues with this version of Hori-Vafa
mirrors. The first issue is that its dimension does not match with that of the toric
stack Pg. The second issue is that the homology group Hy ((C*)"\Zy,Z) is not
quite the correct space of A-branes since its dimension is equal to Vol(A) + d (while
the correct dimension should be Vol(A)), see [3, Proposition 5.2]. We nevertheless
stick to this definition because it is more aligned with the setting of [3], and the
computation of the asymptotics of the period integral is easier. The main result of
this chapter shows that the integral structure on the (slightly “wrong”) homology

group Hy ((C*)“\Z;,Z) matches with the integral structure on Ko(Ps;).
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We briefly summarize our version of Hori-Vafa mirrors in the following table.

A-side B-side

Laurent polynomial

spaces f:(CY S C toric CY orbifolds Py,
certain Lagrangian coherent sheaves
(A- or B-)branes submanifolds L of (C*)¢ on Py
spaces of branes Hy ((C)N\Zy,Z) Ky(Ps, Z)
central charges period integrals hypergeometric series

Table 4.1: The mirror symmetry setting

The second main result of this dissertation is the following. See Remark 5 for a

more detailed explanation of the motivation behind this result.

Theorem 62. The A- and B-model integral structures of the Hori-Vafa mirrors,

defined by Hy ((C*)\Z;,Z) and Ko(Ps,Z) respectively, coincide.

This chapter is organized as follows. In Section 4.1 we give the definitions of our
(modified) version of central charges, in terms of period integrals and Gamma series
respectively. In Section 4.3 we prove a technical result on the relationship between
certain integral of orbifold cohomology classes on toric stacks and the volume of
certain polytopes, which is essential to the computation in Section 4.2. Finally in

Section 4.4 we establish the desired equality between A- and B-brane central charges.

4.1 Central charges as solutions to better-behaved

GKZ systems

In this section, we give precise definitions of the A-brane and B-brane central charges

for Hori-Vafa mirror pairs. Our definitions differ slightly from the ones in [19]. Along
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the way we briefly recall the basic preliminaries needed to understand the results and

arguments.

4.1.1 A-brane central charges

First we fix notations that will be used throughout this chapter. Denote the coor-
dinates on the torus (C*)? by z = (21, ,24). Consider the Laurent polynomial
f=>1,z;z" We denote by 9; the d-dimensional vector obtained from v; by delet-
ing the last coordinate 1. Similarly, for a lattice point ¢ € Ng, we write ¢ = (¢, deg ¢)

where deg ¢ is the last coordinate of ¢ and ¢ consists of the first d coordinates.

Definition 63. For each lattice point ¢ in the interior C*° of the cone C', we define

the following holomorphic form

o dog o1 2¢ dz dzq
We 1= (-1) & (degc—l)!fdegcz—l/\"'/\z—d

on the complement (C*)¥\Z;, where f = > x,2%. The A-brane central charge associ-
ated to a Lagrangian submanifold L (with certain admissibility conditions) is defined

to be the collection of period integrals!

7 () = (Z4H(@))occe = (% /“) cece

where each [ 1 We is viewed as a holomorphic function with the coefficients z; of f as

variables.

Since we are mostly interested in the mirror cycles of line bundles in this paper,
from now on we will assume L to be the Lagrangian sections of the fibration 7 :
(C*)4 — R? defined by z +— log |z|. The following result explains the reason why it is

more natural to think of the period integrals over Lagrangian sections as solutions to

d
! Note that the constant factor % plays no essential role.



95

the dual system bbGKZ(C?,0) rather than the usual system bbGKZ(C,0). Similar

results can be found in [27] and [4].
Lemma 64. The period integral

26 dzny dzq
T
RY,

is absolutely convergent if and only if ¢ € C°.
Proof. We make the coordinate change z; = e¥, then the integral becomes

ey ey

7dy1/\---/\dyd:/ =
ra f(e)deee Rt (D jen je7Y)08¢

dyy A+ -+ N dya

Now we divide the space R? into cone regions according to the normal fan ¥ of the

polytope A. More precisely, we divide R? as the union of the following cone regions
{05, = — (Rso(A —1p))" : v}, € A}

note that this differs from the usual definition of the normal fan by a negative sign. Fix
a cone region oy, , it’s easy to see that over o,; the dominant term in the denominator
> jearje’ is exactly the monomial e’ ¥. Therefore it suffices to consider the

absolute convergence of

/ e(éf(deg C)Uik)‘ydyl Ao A dyd
Oy,
which is again equivalent to the condition that

(¢ — (degc)vg) -y <0, V ray generators y of o,; and Vo, € A (4.1.1)

Recall that the polytope A could be defined as the intersection of half-spaces (i.e.,
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the facet representation of A):

A= ﬂ (hp >0)

F facet of A

where hp is the defining equation of the support hyperplane spanned by the facet F'.
It is then straightforward to observe that the condition (4.1.1) is equivalent to that
¢/(degc) is an interior point of the polytope A, which is again equivalent to that c is

in the interior of the cone C. O

Now we consider a general Lagrangian section L. Additional restrictions are re-
quired to ensure the absolute convergence of the period integral. We write the section

L:RY— (C*)? as
(y17 e 7yd) — (eyl . eiel(ylv"'ayd)7 e 7eyd . eiod(ylv"'yyd))

Proposition 65. Suppose L : R? — (C*)? is a section of the fibration 7" — R? such

that det(/;+ (gz?) ) is bounded, then the integral [ ; We 1s absolutely convergent for
J Z,]

all ¢ € C°.

Proof. Follows directly from the last lemma and the observation that det(/;+ (gz?) )
J ’L,j

is the determinant of the Jacobian of the change of variables. O

Proposition 66. Suppose 7 satisfies the condition in Proposition 65, then ¥ =

(V.)eeco where

gives a solution to the system bbGKZ(C®,0).

Proof. The idea of the proof comes from Batyrev [3] and Borisov-Horja [7]. However,

since the cycles we are integrating over are non-compact, some additional care must
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be taken.

To prove the equation 9;¥. = V., for any ¢, note that we have

¢ P

0. () = 4% g

which gives Ojw. = weyy,;, and the absolute convergence of the integral ensures that
differentiation commutes with integration.

To prove the second equation
ZW, v3):0;¥, + (p, ). =0, Ve NY

i=1

we look at the standard basis ju1,---, g1 of NY. For 1 < k < d, an elementary

computation shows that Y . | (f, 0;)TiWets, + (i, C)w, is equal to

c\d d
— “(degec—1)!z0, : : :
1degc ld | ak 1 d

- _/\.../\_
fdege )z Zq

Note that

2¢ dz dz 2¢ dz dzr dz
210, <@)Z—l/\.../\z—d:d(fdegcz_l/\.../\z_k/\...z_d>
1 d 1 k d

Take a chain of compact subsets By C By C --- C T such that UB,, =T (e.g., take

B,, to be the box defined by e™™ < |z;| < e™). By Stokes’ theorem the integration

of 2,0, (deTcg) over B; N L is equal to

2¢ dzy gz\k dzq
e N A A=
a(Bnnr) S 21 2k Zd

which tends to 0 when m — 400 due to the absolute convergence of

2¢ dzx dzg
iy
1 fdege 2 Zd
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On the other hand, by dominated convergence theorem the sequence of integrals

converges to the integration of 2;0., <fdz—g> over L. This finishes the proof of the
case when 1 < k < d. Finally, if £k = d + 1, i.e., ux = deg, then an elementary

computation shows that > 7" | (tk, Vi) Tiwetw; + (i, C)we is zero. O

4.1.2 B-brane central charges

Now we define central charges on the B-brane, i.e., the toric Deligne-Mumford stack
Py, in terms of certain cohomology-valued Gamma series..
Recall from Section 3.1 We have define the cohomology-valued Gamma series I

and I'° as

FC(II"”’%):@ZI[FU;“F 3 (4.1.2)

for lattice point ¢ € C' and

D

To(21, ...\ @, @ZH 1+l+2m (HD )

v lELc Y i=1 1€0

for lattice point ¢ € C°, where both direct sums are taken over twisted sectors v =
Zjeam v;v; and the set L., is the set of solutions to >\, ljv; = —c with [; —; € Z
for all 4, and o is the set of ¢ with [; € Z-y. The numerator is defined by picking
a branch of log(x;). It is proved in [5] that these series converge absolutely and
uniformly on compacts in a neighborhood of the large radius limit point corresponding
to the triangulation . After composing them with linear functions on the orbifold
cohomology spaces, we get holomorphic functions with values in C. It is proved
that all solutions to the systems bbGKZ(C,0) and bbGKZ(C?®,0) are obtained by
composing I' and I'* with linear functions on H}, (Px) and H}, .(Px).

We define the B-brane central charge as follows.



99

Definition 67. Let N, C, and ¥ = (X, {v;}) be as previous. For any class £ €

Ky(Pyx) in the K-theory of Px, we define its B-brane central charge by

Z%% (@) = (27 (2))cece = (X(ch(€), =) 0 TY)cece

4.2 Asymptotic behavior of period integrals via
tropical geometry

The goal of this section is to analyze the asymptotic behavior of the A-brane central
charge associated to the real positive locus (Rsg)<.

To begin, we set up the notations that will be used throughout this section. We will
be using the same notations as in §4.1. Additionally, let 3 be a regular triangulation
of the cone C, and denote the corresponding convex piecewise linear function by
1. For each lattice point ¢ in the interior C°, we denote the minimal cone in X

containing ¢ by o(c), and write ¢ =) ¢;v;. Then there is a unique twisted sector

ico(c)
v(c) € Box(X) given by >, {ci}vi, where {¢;} denotes the fractional part of ;.
Finally, we denote the set of indices i such that ¢; = 1 by I.. Note that o(c) is a
disjoint union of I, and o((c)).

The main result of this section is an asymptotic formula for the A-brane central
charges of the positive real Lagrangian R?, when the parameter approaches the large
radius limit corresponding to the triangulation Y, which should correspond to the
structure sheaf Op,, on the B-model according to the prediction of SYZ conjecture.

For simplicity, we introduce an extra variable t € R and consider the one-parameter

CH

family of Laurent polynomials {f;} where f, = > ¢ ¥()z¥  Then the large radius
limit is achieved by taking ¢t — +o00. Moreover, to emphasize the dependence of the

form w, on the parameter ¢, we adopt the notation w; . instead.
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Theorem 68. The asymptotic behavior of

ARL, (—1)4
ZMRo ey ZD [
) Nd C
(27'('1) +1 Rio

when t — +00 is given by

(_1)rkN—degc

ARZ, w T Y(e)
. . T F t
(21) @1 Box(c(7))] /y(c) v Fre + o)

7z (tﬂb(vl)’ ) —¥(9)

where w = 5=>""  (v;)D;, and T is the Gamma class of y(c) as defined in
Definition 32.

The proof of this theorem occupies the rest of this section. To begin with, we

make a change of coordinates. We denote the moment map on (C*)¢ by
Log, : (C*)* = RY, (21, , 24) = (log, |z, - - , log; |24])
and its right-inverse by
iy RT—= (CHY (y1, -+ ,yaq) — (92, -+ ).

Note that the positive real locus is identified with R under the map 4,. The original

integration now becomes

+5
/ Wte = / 1y Wt e
R4 R4

>0

with the new coordinates {y;}.

We divide the proof into two steps. In the first step (§4.2.1), we partition the do-
main R? into smaller sections based on the tropicalization of the Laurent polynomial
fi- This allows us to establish a connection between the integration over each section

and the volume of specific polytopes. Moving onto the second step (§4.2.2) we estab-



61

lish a relationship between these integrals and the integral of Gamma classes on the
toric stack Ps;. A crucial component of the second step is a Duistermaat-Heckman

type lemma adapted to our setting that is stated and proved in Appendix 4.3.

4.2.1 Subdivision of the domain

For each i € A, we consider the tropicalization 3; of the monomial ¢~%() 2% defined

as

Bi R? — R, p= (vi,p) — ¢¥(v;)

which is an affine function on R?. Following the idea of [1], we define?

U= {p e R": Bi(p) < By(p), Vi € A}

for any lattice point ¢ € A. Furthermore, for any ¢ € A and any subset ¢ ¢ K C A

we define a subset U?X of U4 by

UK = {p € RT: By(p) — Bi(p) € [0,€],Vi € K, By(p) — Bip) € [e, +00),¥i ¢ qU K}

for some fixed small positive number € > 0. Intuitively, U%¥ is the region where
the tropical monomial 3, is the largest (hence dominates the asymptotics) and the

tropical monomials {f }rex are not far behind.

Remark 69. By the standard argument of tropical geometry, we have the following
facts about U? and U%%. Firstly, the set U%* is non-empty if and only if ¢LI K forms
a cone in ¥. Additionally, U?¥ is unbounded if and only if ¢ LI K is a cone on the

boundary, i.e., relint(¢U K) € 0A. We will not use the latter fact in rest of the paper

2Qur definition differs from the one in [1] by reversing the direction of the inequality, due to the
difference between t — +o00 and t — 0.
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so we omit its proof.

Hence the original integral can be written as a sum

% ok
/ LWe = E / Ly Wte
R4 . K UsK

The first observation is the following lemma which states that only the region U%%
with o(c) C qU K € ¥ contributes to the leading term when ¢ — +o00. Otherwise

the growth of the integral over the piece will be O(t¥(9~¢) for some € > 0.

Lemma 70. As t — o0, for ¢ and K with o(c) € ¢U K we have [, « ijw =

O(t*97¢) for some € > 0. If o(c) C qU K € 3, then [, « ijwyc is

degc—1 _ 1\ 14¥(e HiGK t,BZ Bq o
(1) (deg c — 1)1t" (log ) H i

Ua.K (1+Z€Ktﬁ 5 dege

+ Ot~ (log t)%).
Proof. First we suppose o(c) € ¢ U K. We have

SC = zziEU(c) ¢ili _ ,Cq¥ , H »Cili
i€o(c)UK\q
— {2ico(o) cap(vi)(fw(vq)zﬁqu . H (tﬂﬁ(vi)zﬁi)q
i€o(c)UK\q
— ico(o) Ci¢(vi)(t_d)(vq)zv_q)zieunUo-(c) G, H (t_w(vi)+¢(vq)zﬁi_ﬁq)ci
ico(c)UK \q
— t¥(©) (t—tﬁ(vq)zﬁq)degc . H (t—¢(vi)+¢(vq)zﬁi—6q)cz'

i€o(c)UK\q

Similarly we can compute

degc _ 2 = Y(v;) vl degc
1EA
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_ (tfz,b(vq)zv’q)degc . (1 + thlll(vi)ﬂLd)(vq)zﬁi*ﬁq + Z tfw(vj)+1/1(vq)zv’j717q)degc

€K idqUK
degc
— (t_¢(vq)zﬁq)degc . <1 + Z t—w(vi)-ﬂb(vq)zii_gq + O(t_€)>
€K
Hence the form w; . is
i = (vi)+¥(vg) ,0i—Vg \Ci '
Wte = (—1)degc_1(degc — 1)!t¢(6) HlGo‘(C)UK\q(t a) Vi Y) dz:

(1 + ZiEK t—¥ (i) +¥(vq) z0i—vg | O(t_s))degc ; 2

) ¥ @i)+(vg) ,0i—vg)ci dz:
_ (_l)degc—l(deg c— 1)!tw(c) HlGU(C)UK\q( d) + O(t—e) ] Az
(1 + ZiEK t—¢(vi)+¢(vq)zﬁi—17q) ec p

Therefore the pullback ¢fw; . is

i tﬁi_ﬁq Ci
e = (—1)5 N deg e — 10 | Lo - (logt)* T [ dw:
(14 D tPPa) ™ ;

So the integration [, « ijw, is equal to

tﬁl _Bq )Ci d
Yi

(_l)degc—l(degc . 1)!td)(c)(log t)d HiGU(C)UK\q(
ver (14 tﬁi—ﬂq)degc _
€K i

+ Ot~ <(logt)?).

Notice that if o(c) € g U K, then there exists ¢ € o(c) such that g, — 3; > €, where
€ > 0 is the constant used in the definition of U%¥  i.e., the nominator of the integrand
will contribute a factor of t7¢. Therefore the first term in the above expression is also
O(t¥®~<(logt)?). By changing ¢ to a smaller positive number we can adsorb the
logarithmic term and get O(t¥(©)~¢).

Now suppose o(c¢) C ¢U K. Then the same computation as above shows that the

integral [, « ijwe. is equal to

(~1*= (dege - Dt log ey [ L) 1o
o (Lo B g t9780) ¢



64

+ O(t* @ <(log t)?).

OJ

According to this lemma we can disregard integrals over U%¥ with o(c) € qU K
when computing the leading term of the asymptotic behavior.

We consider the integral

HiEK tﬁz ﬂq c;
/UqK ( degc H Yi (4.2.1)

1+ >,y thiFa)

where (¢, K) is a fixed pair with o(c) € ¢ U K. To simplify the expression, we

introduce a change of coordinate on the region U%¥. Let us define
bi == By — B, foralli € K

and complete {b;};cx into an affine coordinate system on R? by adding additional
covectors {e;}. We can then express the standard affine volume form on R? in terms

of this new system of coordinates:

del rox - | ] dbi- Hde]

€K

Thus, the original integral becomes

Yick cibi
/Uq,K( S dogc TaK Hdb 'Hdej‘

L4+ t7%) ieK i

Recall that the region U%X is defined as

UK ={peR?: b, €0,€,Vi € K; B, — B € [e,00],Vi & qU K}
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We consider the projection m, : U%X — [0, €] onto the (b;);cx-coordinate plane, and
denote the fiber of a fixed (b;)icx € [0, €] by F@X((b;)icx). Then the integral above

can be written as an iterated integral

> cib;
/Uq,K( S Foge Tarc - [ [ b Hde]

L4+ iext™ ) ik

t ZzEK cib;
= . de db;
/[Oaf}K </FQ’K((bi)iEK (1 + ZZGK )degc TeK - H ]) Ze:[}[{
t~ 2ick Cibi
= -vol (FoK b;); db;.
/[05 (( 1+ ZzeK )dcgc ( EK ) H

€K

By definition, the fiber F4“X((b;);cx) is given by

FOE((bi)ier) = {P ER?: B, — B =b;,Vie K; B, — B € [e,00],Vi & q L K} .
To remove the e-dependence, we introduce a new polytope

Eq’K((bi)z‘eK) = {p eR’: Bq — Bi = bi,Vi € K; 3, — B € [0,00],Vi &€ q LI K} .

and express the fiber FX((;);cx) in terms of these new polytopes:

Fq’K((bz‘)z‘eK) = Eq’K((bz‘)z‘eK)\ U U ET Ku{g} b; zeK;b )

JE€qUK b; E[O e]

By inclusion-exclusion principle, we have

VOl(FU ((b)iex) = ) (=) / VOl(E™ ((bi)iexc, (V) jesc) )b

J:IDK,qdJ [0, 7\

Combining these results, the integral (4.2.1) becomes

/ t~ 2iek Cib
0 (1 Soepe )™
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( >y | vol(Eq’J«bz-)ieK,<b;->jej\f<>>db’> B
JIDK.qd] [0, NK

By allowing ¢ and K to vary, we obtain

3 (_1)|J\K|/

\ de ¢’
(JK.q):J2K qd.J 0.7 (14 D je i ) * (4.2.2)
vol(E®7 ((b)iek, (V) jens))db'db,

t~ >ick Cibi

where the sum is taken over all triples (J, K, q) such that K C J and ¢ ¢ J. Note

that the summand corresponding to .J is zero unless ¢ U J is a cone in .

4.2.2 Connection to Gamma classes

The goal of this subsection is to reveal the relationship between (4.2.2) with the
Gamma classes I', of twisted sectors of the toric stack Psx. We adopt a similar
approach as presented in [1].

To begin, we apply the following volume formula that relates the volume of the

polytope with certain integrals of orbifold cohomology classes on the toric stack Ps.

Proposition 71. The residual volume vol(E%7((b;);cs)) is equal to

- eP—2jesbiD; %F
| Box(a(7))] Jeg,, Do(cy

c

where D := )" 9(v;)D;, and v := ~(c) is the unique twisted sector corresponding to
the interior lattice point ¢ € C°. Note that we denote a twisted sector corresponding

to v € Box(X) by Py, to avoid potential confusion.

The proof of this formula will be postponed to the next section.
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The sum (4.2.2) obtained in the previous subsection can be rewritten as

3 (_1)|J\KI/ ¢~ Tiex cibi d
egc
(LK.q)T2K a2 07 (14 Piex t™) (4.2.3)
D
eP~XjesbiDi . 249 ) g/ db
(|BOX |/ Da(d) Ic)

where D = > ¢(v;) D; and 7 := 7(c) is the unique twisted sector corresponding to the
lattice point ¢ € C°. Now we consider the following cohomology class in A obtained

by scaling all classes D; by a factor of 1°gt

I-lo@l

logt U
P = B DYCAVISIN =il HquJ
! 2. 1) 2ri Do)

(J,K,q):J2K,q¢J
- - Cibi .
/ ( t Z-LEK _ (logt)%—szij(logt)%) db/db
egc
[0,¢] (1 + ZZEK )

Since the integral over v is only relevant to the deg = dim~y = d + 1 — |o(7)| part,

the expression (4.2.3) is equal to

) log £ (11
P F 4.2.4
|Box<a<v>>|(2m) / e E (4.2.4)

Note that deg F;, = |I.| and |o(y)| + |I.| = |o(c)|.
The goal of the remaining part of this subsection is to prove the following result

which relates the cohomology class P; to the Gamma class f‘y of the twisted sector ~.

Proposition 72. The asymptotics of the class P, is given by

(log t)1_|0(c)| —~

P=-——t“T ot
"7 (dege—1)! v +OE™)

where w = 5= > ¢h(v;) D

To proceed, we consider the following analytic function in Dy, --- , D,, where we



think of the variables D;’s as usual complex numbers:

log £\ PIH17@1 - p
Dy,---.,D,) = N D PAVIY I =R ) D 7S
Qt( b ’ ) (J,K,q):ZJ;K,qQJ( ) 27T1 € Do’(c)
- cib; .
/ t Yiek _ e_ZjEij(logt)%
0.7 \ (14 3,0 t00) o)
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The next proposition establishes the relationship between the function Q(D;,--- , D,,)

and the Gamma function I'.

Proposition 73. As functions in variables D;’s we have the following identity:

n D n D
—lo(e Ao (eztyplling 7 TLL D55 + @)

Q(Dl‘) e ;Dn) = (logt)l lo( )|(27r1)|‘7( )|€( 3n1 ) D T, - 7T41
Do (e) F(Zi:l(gD',:i +¢i))

Proof. First, we consider a single integral in the definition of Q):

— D iek Cibi _
/ t ZzEK : _ e ZjeJ bj(logt) % dbldb
[0,¢]7 (1 + ZiEK t*bi)zizl(ﬁ+ci)

we introduce the change of variables s; := (logt)b; to rewrite it as

e Yiek Cisi Dy ds
/ n D 67 Zje‘lsjm 7|J|
[0,elogt]’ (1 + Z'GK e_si)zz‘:l(g—;i'i‘ci) (log t)

+O(t™)

We now claim that we could replace the region [0, elogt]’ of the integral by [0, 00)”

without changing the leading term of the asymptotics. In other words, we have

e~ zieKCiSi D;
— 5 e 2t Sizn ds
2 .
[0,elog t]7 (1 + Z X e—si) i=1(zzy i)
1€

—Zi CiSi )
= (& €K _ e_ZjEJsj% dS + O(t_e)
[0,oo)J (1 _|_ Z e—si)z?=1(277:i+ci)
€K
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To see this, it suffices to observe that the integrand is controlled by

D
_ s - ]
e ik Cisi e 2jes Simm

then the claim follows from the fact that | Jlr;; e *ds = O(t™).

Thus it suffices to look at

-

[J[+1=[e(c)]
5 o () o D
D

(JK.q)-J 2K q&] 2mi ()

- 21 CiSq X
/ ¢ - 7oy e_zjeJ 31‘% L
0007 \ (143, e_si)Z?:l(r,:ﬁci) (log t)!/1

D .
Note that [~ e~*i7mids; = (27i)/D;, integrating for all j € J\ K, the integral becomes

Z (_1)|J\K| lOgt |J|4+1—|o(c)| e(hz)_iit)D unJ
(J,K,q):JDK,q¢J 2mi Do)
bl 7q : = )q

. / € ek 5 e Yiek Si% H @ 7d8
[0,00)K (1 + Z K e—si)Z?:l(#iJrCi) Dj (log t)IJl
1€

jeJ\K

which is equal to

1—|o(c K
> (= log )77 (1Y) |e<?%>D—D‘I“K
VKT K ag 2mi 2mi Dy
b 7q : = 7q

—Zi CiSq )
' / - D; e Ciex iz ds
0095 \ (14 Y, e_si>2?=1<2—,:i+c¢>

We rewrite the sum as

—|o(c K
3 S (cpo logt\ "7 1 Y |€<1;’%:>DDM
2mi 2mi Dy

(K,q):q¢K \J:JOK,q¢J

—Zi CiSj )
' / S D; e Siex gk ds
[0,00) K (1 + 3 ek e—si)ZLl(g—ﬂ%q)
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Note that for a fixed pair (K, ¢q), the sum

Z (=Kl = Z (=D

J:q€J,KCJ PC{l, ,N}\(qUK)

is equal to (1 + (—1))HbnN@E = 0 §f {1,--. , n} # ¢U K and 1 otherwise.
Therefore, the only nonzero term in the sum above corresponds to K = {1,--- ,n}\q.

Consequently, the sum above can be expressed as

z": logt\'"" /1 ”‘161§iltDHz . D;
2mi 2mi DO(C)

q=1

— > ick Cisi )
/ L e~ iex sz | ds.
[O,OO)K (1 + Z e~ 57() (27r1+01)
i€EK

Simplifying further, we obtain

(logt)'~ lo(e)l (27i) lo(e)] E e’ =1 27“
O'(C)
_Zz K CiSi .
(& € D
. —ieK Sz d
e~ Luiek %3 s.
/[O’OO)K (1 + D ek e_Si)E” (e

We substitute t; = e™%, leading to the following expression

n D,
(log 1)@ (2o @l (t)p iz 3o
Da(c)

/ Hl;éq tzQ‘m i @
[0,1]"~1 Sr(phe) t
(1 + Zi#q ti)

qe{17 7n}
Now we recall the definition and some basic properties of the multivariate Beta
function. The multivariable beta function is defined by

A s

Bla, -, 6.) = n dty - dt,_
( 1 ) /[O,oo)"l (1 + tl + -4 tnfl)a‘1+"'+an 1 1
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and there is an identity B(ay, - ,a,) =(a)---T(a,)/T(a1 + -+ - + ay).

Lemma 74. We have the following identity:

- Hz;éq t?i_l
Bl ) = 3 -
g=1 710" (1 + Zi;eq ti) it

Proof. We treat the ¢ = n term and the other terms separately. The ¢ = n term

could be written as

Hn 1 taz—l n 1 tal_l
=1 "1 dt _ / z 1 ™ dt
/[;),1]n1 (1 + Z;’L::ll i=1 i H Z 1 + Z ’L 1% H

where A, is the region defined by 0 <t, <1 and 0 <t; <t, for j # q.
When ¢ # n, we introduce the change of coordinate given by t; — -+ for 1#n
and t, — E’ then rename the variable ¢,, to t,. An elementary computation shows

that the integral becomes

n—1 ja;—1
/ Hz_l tz — Hdt
Bq(1+2i:1 111'

where B, is the region defined by t, > 1 and 0 < t; < ¢, for j # ¢q. Therefore the
original sum can be written as the integral over the union U (A U B,). Now the
result follows from the observation that A, U B, is the region defined by ¢, > 0 and

0<t; <t,forj+#q,and J (A, U B,) is exactly [0, 00)" L. O

Remark 75. A similar identity was proved in [1] by using integration over certain

tropical projective spaces. The proof we provide here is purely elementary.

Finally we apply Lemma 74 to rewrite this expression as

D
1= 1 271'1 . H?:l I—‘(2_71'11 + Ci)

(log t) =17l (2ol < :
Do(ey F(Zi:1(2%1 +ci))
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This concludes the proof of the proposition. O

We have established the desired relationship between the function @); and the
Gamma functions. Applying them to the cohomology classes D; along with the

following equality

I % i | F(% +¢i) 1 HlQU(c ) 2ni H H I( D; +a)
Doy T(Xi (& +a)) ~ (2mi) @l (deg e — 1)! 27r1 o omi
1 D; D
r(— A
(27r1)|" Il(dege —1)! )H (27Ti+7)
igo(y) i€o(7)

1 ~
— .T
(27i)le@l(dege — 1)1 7

we conclude the proof of Proposition 72.
Hence, the leading term of % fRd Wt is given by (noting that d+1—degc =
>0
rkN — degc)

(_1)rkN—degc

T, . F
(27Ti)"’(c)'|BOX(O(V))I/7 vt

tw(c)

This concludes the proof of Theorem 68.

4.3 Residual volume and orbifold cohomology

In this section we prove the technical volume formula Proposition 71 that relates
the residual volume of the polytopes E%7((b;);cs) (for precise definitions of residual
volume and the polytopes, see section 4.2) with certain orbifold cohomology classes
with compact support of the toric Deligne-Mumford stack Py. It could be considered
as a replacement of the Duistermaat-Heckman lemma used in [1] adapted to our
setting. We use the same notations from section 4.2 except we denote a twisted
sector corresponding to v € Box(X) by Py, to avoid potential confusion.

We begin with a review of the well-known results on the relationship between line
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bundles on toric varieties and the associated polytopes in §4.3.1 and provide the proof

of Proposition 71 in §4.3.2.

4.3.1 Line bundles on toric varieties and their associated
polytopes

We briefly review the classical correspondence between line bundles on toric varieties
and their associated polytopes following [14].

Again, we denote by Py, the toric variety corresponding to a fan ¥, and D =
> ,@pD)p be a Cartier divisor on Py, where D,’s are the torus-invariant divisors, and
we denote the primitive generators of the correponding rays in the fan by v,. The

associated polytope Pp of the line bundle Op (D) is defined as?
Pp:={m e Mg : (m,v,) +a, >0, Vp}

It is a well-known fact that the dimension of the global section of Op. (D) is equal to

the number of lattice points in the polytope Pp. In fact, we have

[(Ps, Osg(D) = € C-x"

mePpNM

In this case the polytope Pp is of full-dimension.

This correspondence could be generalized further to the case where the polytope
is not of full-dimension. In this case, the corresponding sheaf is not a line bundle on
Py, but the restriction of a line bundle to a closed subvariety.

Finally, suppose we have a sheaf of the form Op/(D) where D" and D are torus-
invariant divisors and its associated (non-full-dimensional) polytope P. Suppose fur-

ther that this sheaf is nef. Then by Demazure vanishing theorem (see [14, Theorem

3There is a difference of signs in our definition with the one in [14].
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9.2.3]) all higher cohomology of Op/ (D) vanishes. Consequently, we have
X(Ps, Op/(D)) = x(D', Op/(D)) = dim H(D', Op/(D)) = |[P N M|

i.e., the Euler characteristic of Op/(D) is equal to the number of lattice points in the

polytope P.

4.3.2 Proof of the volume formula

Before we start, we remark here that it suffices to prove the statement for the case
where ¢ U J is a cone in the fan ¥ because otherwise the polytope E%7((b;);c) is
empty and the right hand side of the equality is zero due to the factor Dy, ;.

We divide the proof into four steps.

Step 1. Recall that the polytope E%7((b;);cs) is defined as

EP((b)ies) = {p R : By — Bi=b;,Vi€ J; By — B; € [0,00],Vi & qU J }

where 3; : R? — R is a linear function defined as p — (v;, p) — ¥ (v;). Without loss of
generality, we assume that all b;’s are rational numbers. The defining equalities and

inequalities of E47((b;);jecs) could be rewritten as
<Uq - Ui7p> + ¢(Ul) - ¢(Uq) - bz =0
for i € J and

(Vg —vi, p) +Y(v5) —P(vg) >0
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for i ¢ qU J. If we denote

D= (i) —t(vg) = bi)Di+ Y ((vs) — ¥(vy))D;

eJ igquJ
= YY)D = > biD;
i€Star(q) ieJ

then by the discussion in §4.3.1, we have
X(Ps/q, Op,(ID)) = |l - Eq’J((bi)ieJ) N M|

where [ is any integer number that makes [ - E%7((b;);c;) into a lattice polytope (the
existence is due to the rationality of b;’s), and D is the closed subvariety of Py,
corresponding to the cone J in the quotient fan 3/q. This can be further expressed

as

|- B ((b:)ies) N M| = X(Ps/(qus); Opy g, (ID))

Step 2. Denote the canonical map from the smooth toric Deligne-Mumford stack
Ps to its coarse moduli space (which is a simplicial toric variety) Py, by 7. We denote
the line bundle on Py defined by the same support function with D by Op (D). Since
in the definition of Px;, the additional data of a vector on each ray of the stacky fan
is chosen to be the primitive generator, we know that the pushforward of Opg (D) is
exactly Op,. (D). On the other hand, it is a well-known result (see e.g., [2, Definition
4.1, Example 8.1]) for a tame Deligne-Mumford stack X with coarse moduli space X,
the canonical map 7 : X — X is cohomologically affine. This implies that H(X,F)
is equal to H(X, . F) for all i > 0 and any coherent sheaf F. Apply this fact to

our situation, we get X(Ps/qur); Opy, 05 (D)) = X(Psyquiys Opy gy, (1D)). Thus,
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we have
X(PE/((IUJ)7 OPz/(un)(lD)) = |l : Eq’J((bi)ieJ) N M|

Step 3.

Then we apply Corollary 31, we obtain

1 (&
vyEBox(X/(quJ)) v ~
1 / LD
= Y e | ¢P - Tde)
vEBox(X/(qUJ)) | Box(a(v))] J,

note that since ¢ .J is an interior cone (because it contains an interior cone o(c) as a
subcone), the quotient fan 3 /(¢ J) is complete, hence Py (g is compact therefore
K, and K§ (and the corresponding Chern characters) coincide.

The affine volume* vol.g E47((b;)scs) is computed by

volug B9 ((by)ics) = lim [ B2 (bidies) O 1)

l—00 dim E97((b;)ie.r)
1 elD
- . dim [ S Td(y).
Z | Box(a(7))| t=eo ), IKN=1=1I

vEBox(X/(qUJ))

In the last step, we used dim E%7((b;);cs) = tkN — 1 — |J|.
Now, we claim that the only nonzero term in this sum is the v = 0 term. To see
this, we expand the e'” and the Todd class Td(v) as sums of homogeneous compo-

nents:

€lD 1 llDz
/lrkN -7 /Z IRN=1-J] 41 Td('Y)J

7i,5=0

4Note that the affine volume differs with the residual volume vol E%”((b;);cs) by a factor of the
index of b;’s, namely the index of the sublattice spanned by b;’s inside the standard lattice Z¢, see
step 4.
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where Td(7); denotes the degree j part of the Todd class of v. By definition, the

only nonzero contribution comes from terms with (4, j) such that

deg(D’) 4 deg(Td(v);) =i+ j

is exactly equal to dim(y) = rtkN — 1 — |J| — |o(7)|. On the other hand, if i <
rkN — 1 — |J], the integral will be killed by taking limit [ — oo due to the factor of
MN_%M, thus ¢ > rkN — 1 — |J|. Combining these two observations, we can deduce

that in order to have nonzero contribution, we must have
kN —1—|o(y)|—|J|=i+7>tkN—-1—|J|+

which simplifies to |o(y)| < —j. This forces j =0, ¢ = rkN — 1 — |J| and o(y) = 0,

i.e, v = 0. Hence the claim is proved. Therefore we have

. DrkN71*|J| D
volag B9 ((bs)ics) :/ (rkN — 1 —|J|)! N /]P’z/( ) )

Ps/(qua)

Step 4. The affine and residual volume of the polytope E%/((b;);c;) are related

by the following equation:
volug B ((b;)ics) = (index of b.s) - vol B/ ((b;)ics)
The index of b;’s is exactly equal to | Box(q U J)|. Therefore, we have

1
vol B ((b)iey) = —————— eP
© | Box(q U J)| Jey, 0

D
:/ € 'FqI_IJ
Py

1

D
Ty e’ Fane
| Box(a(v))| Jeg,, ) e
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_ ; €D . DqLIJ
‘ BOX(O-<7))| ]P’z;/o(,,{) DO’(C)

Fy

where the second equality follows from the fact that the ratio between the volume of
a cone in the fan ¥ and that of the corresponding quotient cone in the quotient fan
¥/(qU J) is equal to | Box(q Ll J)|. The third equality holds for similar reasons. The
last equality is a consequence of the relations in the orbifold cohomology space. This

concludes the proof.

4.4 Equality of A-brane and B-brane central charges

The goal of this section is to establish the equality between A-brane and B-brane
central charges. This is accomplished by utilizing the hypergeometric duality [5] as a

key ingredient. For readers’ convenience, we briefly recall the statements here.

Definition 76. For any pair of solutions (®.) and (¥,) of the systems bbGKZ(C,0)
and bbGKZ(C*,0), we define a pairing

(—, =) : Sol(bbGKZ(C, 0)) x Sol(bbGKZ(C®,0)) — C

by the following formula

<(I), \If> = Z§C7d7]V01[ (H $Z> q)c\lfd

ed,] iel

where the coefficient & 4 1 is defined as follows. Fix a choice of a generic vector v € C°.

For a set I of size tkN we consider the cone o7 = > ._; R>ov;. The coefficients & 4

i€l

for ¢ + d = vy are defined as

¢ (1) if dimo; = rk N and both ¢ + v and d — ev € 0%
c,d, ] —
0, otherwise.
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Here the condition needs to hold for all sufficiently small positive number € > 0.
The main result in [5] states that this pairing is non-degenerate.

Theorem 77. For any pair of solutions (®.) and (V4) of the systems bbGKZ(C,0)
and bbGKZ(C”,0), the pairing (P, V) is a constant. Furthermore, the constant pair-
ing (I',T'°) of the cohomology-valued Gamma series is equal to the inverse of the Euler
— C in the large radius limit. In particular,

characteristic pairing x : H}, & H}

orb,c

(—, —) 1is non-degenerate.

We now combine the computation in Section 4.2 together with the hypergeometric
duality to obtain the equality between A-brane and B-brane central charges. Specif-
ically, we begin by proving the equality for the case of structure sheaf Op,, and its
mirror cycle R%,

To start with, we recall the asymptotic behavior of the Gamma series I" that was
computed in [5].

Lemma 78. Let t — 400, then for lattice point ¢ € C' and v # 7" (¢), the summand

of T (t¥Wgy, ... 7%y ) is o(t¥()). For v = v"(c), we have

n 701.

Fc(t—w(vl)ml ) t't/)(c) He%l log z;—(v;) logt) H
I'l—c¢+

=1 =1

(1+0(1)).

27i )

Proof. See [5, Lemma 3.10]. O

Theorem 79. The A-brane central charge associated to the positive real locus (Rsq)?

coincides with the B-brane central charge associated to the structure sheaf Opy;.

Proof. Throughout this proof, we will denote an interior lattice point by d € C*° and
denote the rank of the lattice N by rkN.

Consider the pairing

d
(0, 24580) = 3~ q Vol ([ [ wi)Te - 2,7 € Hy (Py)

c,d,I i€l
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we look at the component corresponding to a fixed twisted sector . Combining
Theorem 68, Lemma 78, by an argument similar to the proofs of [5, Proposition 3.12,

3.13], the asymptotic behavior of

a —(v; —p(v; ARY —(v;
H(t P( l))l—‘c,’y(t P( 1))Zd >O(t d)( z))
i=1
is given by o(1) unless v = v¥(¢) = v(d) and both I. and I; are cones in ¥, in which

case the asymptotic behavior is

( 1)rkN—degd

2ri)7 @ Box(o(7)] /wa”F’d‘

1 D[ n D;
0(1) + o N —-— Heﬁ(—w(vi)logt)
(27i) I el I,

Since (I', ¥) is a constant, taking the constant term we get

1 rkN—degd
chdIVOII ~ ( ) |/F F]d

vy ., (2mi) o @l Box(o

( 1)rkN—degd

_1\dimAY =|Tal (10 yx
_chdIVOII ~ 27T1)rkN|BOX( (7))| /YV( 1)d o (F’Y) Fld

c,d, ]

_ Zg dIVOlI ( 1)rkN—degd
’ r 27“)“‘N | Box(a(7))]

c,d, ]

/ (gm)lﬂ(v)l(_1)degvv+dimvv—lld\ L, Td( )
,Y\/

D F
_ Vol (2ot Pk / li g
(27r1)rkN Z§ .1Voly (2ri) |BOX )| (")
1 D F
- (27Tl)rkN chdIVOII(2”1)|U(7)| 7 (1, #)orb,v
v 0

Here we used degvy" = |o(v)| + 14| — degd = |o(d)| — degd, therefore

(_1)rkN—degd+deg’yv+dim’yv—|1d| _ (_1)rkN+\U(d)|+rkN—|0'('y)|—|Id|

— (_1)rkN+\U(d)|+rka|a(d)| — 1
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By [5, Theorem 4.2] the following class in H}, ® H

orb,c

1 D F
V o) e I
(271 )TkN @ E &earVoly(2mi)l o —— @ 2
(271-1) Y C,d,I F'Y ]__‘,Y\/

is inverse to the Euler characteristic pairing, therefore for any v we have

(T, ZA%S0) =1

ol ol

so (T, ZARS0) = D, 1, = ch(Opy), ie, ZARS0 corresponds to the structure sheaf

Opy. O

We have completed the proof for the case of structure sheaf Op,,. Next, we consider
an arbitrary line bundle £ = O(}""_, a;D;) corresponding to a torus-invariant divisor
" a;D;. The mirror cycle mir(£) of £ is constructed from R¢; by monodromy.

More precisely, the divisor Y ", a;D; defines a loop in the stringy Kéahler moduli

space of Px by
¢:[0,1] = C", O (e72mml ... p=2miant) (4.4.1)

We denote the Laurent polynomial corresponding to ¢(8) by f@, then we have a
family of hypersurfaces Z;e) in (C*)4, where Z ) = Zpoy = Zy. We then define the

mirror cycle of £ to be the parallel transport of R along this loop.

Corollary 80. For any £ = O(>_" | ;D;) € Ky(Pyx), the A- and B-brane central

charges coincide:

ZA,mir(L) — ZB,E )

Proof. Tt suffices to compare the monodromy along the loop (4.4.1) on both sides.
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Recall that the Gamma series is given by

D

To(21,. .., 2, @ZH 1+l+2m (HD >

Y 1€Lc~ =1 i€o

and the monodromy comes from the term [[}, Yo =[Iv, et + 3 log i
Fix ¢ and =, when 6 goes from 0 to 1, the x; goes around the origin a; times clock-
wisely and hence the original log x; now becomes log x; — 2mia;, therefore contributes
an extra factor e~®(?7ili+D:)  Take product over alli = 1, - - - ,n, this is e~ 2 %(27ili+Ds)
By definition of [ € L., we have l; = 7; mod Z, therefore the factor is equal to
e~ 2:%(2mi+Di) which is exactly the Chern character ch,(O(— "1, a;D;)).
Consequently, the effect of the monodromy on the Gamma series is to multiply it

by ch(O(—=>""_, a;D;)). Then the B-brane central charge is obtained by composing
with x(ch(Opy. ), —), which is

X (17 ch(O(— Z a; D;)) - F2> =X (m(@(Z a;D;)), Fg)

by Proposition 30. This is exactly the central charge Z5©Xi=14D) Tt then follows
directly from the construction of the mirror cycle of O(>." | a;D;) that the mon-

odromy on the A-side matches with the monodromy on the B-side. O]

The proof of the second main result (Theorem 62) of this dissertation is now

completed.
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