CENTRAL CHARGES IN LOCAL MIRROR SYMMETRY
VIA HYPERGEOMETRIC DUALITY

ZENGRUI HAN

ABSTRACT. We apply the better-behaved GKZ hypergeometric systems
to study toric Calabi-Yau Deligne-Mumford stacks and their Hori-Vafa
mirrors given by affine hypersurfaces in (C*)?. We show that the integral
structures of A-branes and B-branes coincide. This confirms a local
version of a conjecture of Hosono and can be seen as a generalization of
the Gamma conjecture for local mirror symmetry.
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1. INTRODUCTION

1.1. Toric Calabi-Yau Deligne-Mumford stacks and their Landau-
Ginzburg mirrors. Let N be a lattice of rank d 4+ 1, and A be a lattice
polytope of dimension d which lies on a primitive hyperplane deg(—) = 1 in
Ng := N ® R where deg : N — Z is a linear function. Let C be the (d + 1)-
dimensional finite rational polyhedral cone in Ng over the polytope A, i.e.,
C :=R>o(A@1). This data encodes an affine toric variety with Gorenstein
singularities X = Spec C[CY N NV], in the sense that its dualizing sheaf is
trivial.

Let {v;}!"; be a subset of lattice points in the polytope A that includes
all the vertices. For each regular triangulation of the polytope A that in-
volves some points in {v;}!" ;, the corresponding subdivision X of the cone
C defines a smooth toric Deligne-Mumford stack Py in the sense of Borisov-
Chen-Smith [5], where X := (X, {v;}) is the stacky fan whose distinguished
lattice points on the rays are chosen to be the primitive ray generators v;’s,
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providing a crepant resolution of the affine Gorenstein toric variety X. The
toric stack Px; is Calabi-Yau in the sense that its canonical class is trivial.

Consider the hypersurface defined as Z := (f = 0) C (C*)¢ where f is a
Laurent polynomial defined as

n n
f(zla"'azd)_E JJ,L'ZZ—E LL’Z"le "'Zdl
i=1 i=1

Here, we denote by v; the d-dimensional vector obtained from v; by deleting
the last coordinate 1. In this paper, we adopt the idea that the family of
hypersurfaces { Z;} should be viewed as the mirror family of the smooth toric
Calabi-Yau Deligne Mumford stack Ps;. Note that this is a generalization of
the Hori-Vafa mirror [17], where each cone in ¥ is assumed to be unimodular,
thus the corresponding toric stack is a smooth variety.

According to Kontsevich’s homological mirror symmetry conjecture, the
bounded derived category D°(Ps) of coherent sheaves (category of B-branes)
on the toric stack Py should be equivalent to some appropriately defined
Fukaya-Seidal category of the Landau-Ginzburg mode]ﬂ (T, f) (category
of A-branes):

D*(Px) = FS((C)", f) (1.1)

While the mathematical meaning of the former is clear, the definition
of the latter seems to be subtle. However, in any sense, the objects in a
reasonably defined Fukaya-type category of ((C*)?, f) should be Lagrangian
submanifolds of the torus (C*)? which satisfies certain admissibility condi-
tion that take the potential f into account.

Another mathematical formulation of mirror symmetry is provided by
the SYZ conjecture. Roughly speaking, it predicts that two spaces that
are mirror to each other should arise from dual special Lagrangian torus
fibrations over some base space. In our setting, the fibration on the mirror
side is given by the logarithmic map

LOg : ((C*)d — Rd) (Zh o ,Zd) = (log |Zl‘v t ,log |Zd|) (12)

Furthermore, the SYZ conjecture predicts that under the equivalence
, the mirror cycles of line bundles (resp. skyscraper sheaves) on Py
should be Lagrangian sections (fibers) of the fibration (1.2). In particular,
when the coefficients of the Laurent polynomial f are all positive real num-
bers, the mirror cycle of the structure sheaf Opy, should be the positive real
section (Rs0)? C (C*)?, and those of arbitrary line bundles corresponding to
torus-invariant divisors > a;D; are obtained by parallel transport of (R+q)?.

1t is suggested by Iritani to the author that it might be more natural to consider the
Landau-Ginzburg model (((C*)*™, z441 - f)) of one-dimensional higher and its associated
Fukaya-Seidel category. The period integrals considered in this paper could be obtained
from the oscillatory integrals of this new LG model. It would be interesting to investigate
this direction.
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1.2. Central charges as solutions to better-behaved GKZ systems.
In this paper, instead of studying the HMS statement of the Hori-Vafa mirror
pair in such generality, we focus on the more classical version of mirror
symmetry, namely the equality between the central charges of the A-branes
and the B-branes.

The notion of the central charge appears in physics literatures and has
played an important role in Douglas’s Il-stability [14] and its mathemat-
ical formalism [12] due to Bridgeland. By definition the central charge
of A-branes (B-branes, respectively) is a linear function defined on the
Grothendieck group of the derived category of A-branes (B-branes, respec-
tively).

In [18] Hosono defined the central charges for Calabi-Yau complete inter-
sections in toric varieties (Batyrev-Borisov mirrors) in terms of period inte-
grals and hypergeometric series respectively. The spaces of A- and B-branes
are defined as certain homology groups associated to the pair ((C*)4, Z;)
and Grothendieck groups of the Calabi-Yau complete intersection X, which
comes naturally with integral structures by definition. In [18, Conjecture
2.2] Hosono conjectured that these two integral structures coincide under
certain homological mirror symmetry correspondence. A local version of
this conjecture can be made in a similar manner (see |18, Conjecture 6.3]).
In this paper, we focus on the local mirror symmetry setting, i.e., Hori-Vafa
mirrors defined in the previous section.

It is also observed that both of the A-brane and B-brane central charges
can be viewed as solutions to certain GKZ hypergeometric systems, therefore
GKZ systems play an important role in the study of local mirror symmetry.
However, we believe the better-behaved GKZ systems, introduced by Borisov-
Horja 9] and studied in a series of papers [64(7},/10,16], are more suitable for
this consideration:

Definition 1.1. Consider the system of partial differential equations on
the collection of functions {®.(z1,...,x,)} in complex variables z1, ..., z,,
indexed by the lattice points in C"

n

0;®. = Doy, Z(u,viﬂi@ifbc + (u,c)®. =0

=1

for all p € NV, ¢ € C and i = 1,...,n. We denote this system by
bbGKZ(C,0). Similarly by considering lattice points in the interior C° only,
we can define bbGKZ(C*®,0).

Remark 1.2. This definition is essentially a B-model interpretation. In
terms of quantum cohomology (A-model), the better-behaved GKZ systems
bbGKZ(C,0) and bbGKZ(C*, 0) corresponds to the ordinary and compactly
supported quantum cohomology D-module QH*(Px) and QH}(Px) of the
toric stack Py respectively. For details, see e.g. [19].
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It is proved in [6] that the two systems bbGKZ(C,0) and bbGKZ(C*®,0)
are dual to each other by constructing an explicit non-degenerate pairing
between the solution spaces. The key observation in this paper is that the A-
brane central charges (i.e., the period integrals) are naturally solutions to the
dual system bbGKZ(C®, 0) rather than bbGKZ(C, 0) (which is equivalent to
the usual GKZ systems in normal cases). Motivated by this, we introduce
our version of the A-brane central charges, which is a slight modification of
the original definition of Hosono.

Definition 1.3. For each lattice point ¢ in the interior C° of the cone C,
we define the following holomorphic form

c
 (_q1)dege—1 A N

we 1= (—1)%8"(degc 1)!fdegc - ARERW)N -
on the complement (C*)?\Z;, where f = > x;z%. The A-brane central
charge associated to a Lagrangian submanifold L (with certain admissibility

conditions) is defined to be the collection of period integrals

245 (2) = (ZM(3))eeco = ((2(;33;1 /Lwc> e

where each f 1 We is viewed as a holomorphic function with the coefficients
x; of f as variables.

Following the arguments of Batyrev [3] and Borisov-Horja [9], it is easy
to verify that the A-brane central charges are solutions to the dual system
bbGKZ(C*®,0), see Proposition The A-brane central charge map

Z4 . Ha((C*)\Z;s,Z) — Sol(bbGKZ(C®,0))
defined here gives an integral structure on the solution spaces of the bbGKZ
systems, by considering the image of the lattice Hd(((C*)d\Zf, 7).

On the other hand, we use the hypergeometric series I'° with values in
the cohomology with compact support as our definition of B-brane central
charges. Note that in the original paper |18] Hosono used the usual hy-
pergeometric series I' (that takes values in the usual cohomology space)

as central charges on the B-side. For precise definitions of I' and I'°, see
Definition 3.6

Definition 1.4. Let N, C, and ¥ = (3, {v;}) be as previous. For any class
€ € Ky(Pyx) in the K-theory of Px;, we define its B-brane central charge by

ZPE(x) = (225 (x))eece = (X(ch(E), =) 0 T%)cecs
Similar to the A-side, the B-brane central charge map
ZB . Ky(Ps) — Sol(bbGKZ(C®,0))

defines another integral structure on the solution space of bbGKZ systems
by the natural Z-structure on the Grothendieck group Ky(Pyx).
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The main result of this paper is the matching of the integral structures
on the A- and B- sides.

Theorem 1.5. The A- and B-brane integral structures of the Hori-Vafa
mirrors, defined by Hy ((C*)%\Zy,Z) and Ko(Ps, Z) respectively, coincide.

1.3. Relations to Gamma conjecture and hypergeometric duality.
In [1], Abouzaid, Ganatra, Iritani and Sheridan proposed a new approach to
study the asymptotic behavior of period integrals in the setting of Batyrev
mirror pairs (i.e., Calabi-Yau hypersurfaces in Fano toric varieties). Roughly
speaking, the idea is to cut the cycles into pieces according to the tropical
geometry of the Laurent polynomial f, then approximate each piece by the
volume of certain polytopes which could again be related to the gamma
classes on the mirror side. They utilized this method to give an alternative
proof of the mirror-symmetric Gamma conjecture for the Batyrev mirror
pairs.

The first step to prove our main result Theorem is to apply their
tropical method to our local mirror symmetry setting. More precisely, in
we prove the following asymptotic formula for the period integral of the
affine hypersurface Zy in (C*)4 corresponding to the positive real locus Rio.

Theorem 1.6 (=Theorem |4.1). Fix a triangulation ¥ of the cone C, and
denote the corresponding convex piecewise linear function by . Then the
asymptotic behavior of W.(t~%¥() ) when t — 400 is given by

-1 rkN—degc R
e '/( )tw Loy Fr, + ot
(e

(27i)le ()l Box(a(7))]
For precise definitions of the symbols, see §]

ZABS0 (=) ||y =@

This could be viewed as the Gamma conjecture for local mirror sym-
metry. Our computation could be seen as a generalization of the one in [1]
because they assumed the polytopes A are reflexive, while ours are arbitrary.
Moreover, we compute the asymptotics of period integrals corresponding to
arbitrary interior points in the cone C, while they essentially dealt with the
one corresponding to the unique interior point of the (reflexive) polytope of
degree equals to 1.

The second essential ingredient of the proof is the hypergeometric duality
established by Borisov and the author in [6]. More precisely, an explicit
formula for the pairing between the solution spaces to bbGKZ(C,0) and
bbGKZ(C*®,0) is constructed:

<(I)>\II> = Z gc,d,IVOlI (H xl) o Wy

c,d,I el

where ® and ¥ are solutions to bbGKZ(C,0) and bbGKZ(C®,0) respec-
tively, and &.q41’s are certain constant coefficients which only depends on
the combinatorics of the cone. The non-degeneracy of this pairing allows us
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to lift the equality of leading terms to a genuine equality between central
charges on the two sides. An immediate benefit of this is the following.
In [1], the authors has to construct explicitly tropical approximations of
cycles mirror to arbitrary torus-invariant divisors ) a;D; and repeat the
computation of asymptotics for them (because generally asymptotic expan-
sion does not commute with taking leading terms). While in principle, we
can do the same thing in our setting, it is no longer necessary since the
equality on the level of functions themselves (rather than just the leading
terms) allows us to conclude simply by looking at the monodromy on both
sides, see Corollary

1.4. Comparison with related results. Let us discuss the relationship
between the main result of this paper and other related works. In [19] and
[20], Iritani studied exponential period integrals (also known as oscillatory
integrals) mirror to nef complete intersections in compact toric DM stacks
using different methods. The results in these papers are more general than
the ones in [1] in the sense that the period integrals are identified with
explicit hypergeometric series, not just the leading asymptotics. The period
integrals considered in this paper could be presumably evaluated by using
similar methods.

The computation in this paper is more general than that in [20] in the
sense that the polytope is not assumed to be reflexive. Therefore the hy-
persurface Z; we considered is not necessarily birational to a Calabi-Yau
variety, and could have geometric genus larger than 1.

It is also pointed out by Hiroshi Iritani to the author that a recent paper
of Yamamoto [25] is related to this work. It seems plausible that some
of Yamamoto’s results would follow from the result of this paper. Recent
work [15] of Fang, Liu, Yu and Zong studied remodeling conjecture with
descendants, which is also closely related to Hosono’s conjecture for toric
Calabi-Yau 3-folds.

As is explained in Remark the better-behaved systems could be seen
as ordinary or compactly supported quantum cohomology D-modules. The
natural central charges for these systems are given by compactly supported
branes for the usual system and possibly non-compact branes for the dual
system. The focus of this paper is on the latter. The former, which is
closer to the original version of Hosono’s conjecture, has been studied in [24]
using tropical geometry approach based on the foundational work of Ruddat-
Siebert [23], and in [21] using methods similar to [19] and [20]. In [21],
only local Calabi-Yau varieties arising as the total space of a canonical line
bundle were investigated, which is a special case of the general toric stack
Ps: considered in this paper.

1.5. Future directions. The construction of A-brane central charges and
the main result of this paper are not completely satisfactory. More specifi-
cally, the space Hy((C*)4\Z¢,C) we used as the space of A-branes is not of
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the correct dimension, see Section for a more detailed discussion. Hope-
fully, a better understanding of the Grothendieck group of (certain version
of ) Fukaya-Seidel category of the pair ((C*)¢, f) would yield the “correct”
space of A-branes for the Hori-Vafa mirror pairs we considered in this paper.

1.6. Organization of the paper. The paper is organized as follows. In
section [2| we recall basic definitions and properties of smooth toric Deligne-
Mumford stacks and their orbifold cohomology and K-groups. In section
we formulate the precise definitions of A-brane and B-brane central charges
in our setting, and interpret them as solutions to certain better-behaved
GKZ systems. In section [ we compute the asymptotic behavior of the
period integrals (A-brane central charges) when approaching a large radius
limit point corresponding to a regular triangulation . In section [5] we
apply the hypergeometric duality to prove the equality of A-brane and B-
brane central charges. Appendices [A] and [B] contain auxiliary results that
are used in the computation of section [

1.7. Acknowledgements. The author would like to thank his advisor Lev
Borisov for consistent support, helpful discussions and useful comments
throughout the preparation of this paper. The author would like to thank
Hiroshi Iritani and Chiu-Chu Melissa Liu for their interest in this work,
warm encouragement, and valuable feedback on an earlier draft. The au-
thor thanks Mohammed Abouzaid, Bohan Fang, Helge Ruddat, Uli Walther
and Shaozong Wang for useful conversations. The author thanks the anony-
mous referee, whose comments and suggestions greatly improved this paper,
for the careful and thoughtful reading of the text.

2. TORIC STACKS, ORBIFOLD COHOMOLOGY AND K-GROUPS

In this section, we review basic knowledge on smooth toric Deligne-
Mumford stacks with an emphasize on their orbifold cohomology spaces
and K-theory, and fix the notations that will be used throughout this paper.
The main references are [5,/6,/10].

2.1. Smooth toric DM stacks and the twisted sectors. Following [5],
a smooth toric Deligne-Mumford stack associated to a stacky fan 3 =
(3, {v1,-- ,v,}) and its twisted sectors are defined as follows.

Definition 2.1. Let C, N, and ¥ = (X,{v1,---,v,}) be combinatorial
datum defined in Consider the open subset U of C" defined by

U={(z1,"+,20) €C": {i:2,=0} € ¥}
and a subgroup G of (C*)" defined by
G = {()\1,--- D) [T =1,vm e NV}

=1
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The smooth toric Deligne-Mumford stack Py, associated to the stacky fan 32
is defined to be the stack quotient of U by G. We denote its coarse moduli
space (i.e., the toric variety associated to the ordinary fan ) by Py.

Definition 2.2. For each cone o € ¥ we define Box(o) to be the set of
lattice points v which can be written as v = Eieg Y;v; with 0 < v; < 1. We
denote the union of all Box(c) by Box(X). To each element v € Box(X) we
associate a twisted sectorﬂ Ps:/4(+) of Py corresponding to the minimal cone
o(7) in ¥ containing -y, which is the closed substack of Py, defined by the
quotient fan ¥ /o (). We define the dual of a twisted sector v = Y v;v; by

=1 =i
7 #0
or equivalently, the unique element in Box(o (7)) that satisfies
vV = -~y mod ZZW
€0

The inertia stack of Py is the disjoint union of all the twisted sectors.

2.2. Orbifold cohomology and K-groups of toric stacks. Due to the
non-compactness of Py, there are two types of orbifold cohomology theory

associated to it, namely the usual orbifold cohomology and the orbifold
cohomology with compact support. The following results are proved in [10].

Proposition 2.3. As usual, Star(o()) denotes the set of cones in ¥ that
contain o(y). Cohomology space H., of the twisted sector v is naturally iso-
morphic to the quotient of the polynomial ring C[D; : i € Star(a(y))\o(7)]
by the ideal generated by the relations

H Dj, for J ¢ Star(o(7))
jeJ
and
Z w(v;) Dy, for p € Ann(v;,i € o(7)).
i€Star(a(y)\o(7)

There is a C[Dy, ..., DyJ-module structure on H., defined by declaring D; =
0 for i ¢ Star(o()) and solving (uniquely) for D;,i € o(y) to satisfy the
linear relations > ; u(v;)D; = 0 for all p € NV.

Proposition 2.4. Cohomology space with compact support HY is generated
by Fj for I € Star(o(v)) such that ¢f C C° with relations
D;Fr — FIU{i} for i ¢ I,1U{i} € Star(o(y))
and D;Fr fori ¢ I,1U{i} & Star(o(v))

as a module over H,.

2Abusing the notation slightly, we will denote the closed substack Ps/q(-) by v when
there is no confusion.
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There is a natural integration map f defined on each cohomology space
HY with compact support.

Proposition 2.5. There exists a unique linear function f7 : HS — C that

1
Vol

degree), where Vol; denotes the volume of the cone 7 in the quotient fan
¥/o (7). Moreover, it takes value zero on all elements of HS of lower degree.

Proof. See 10, Proposition 2.6]. O

takes values on each generator Fr with |I| = d+1—|o(y)] (i-e., of highest

Definition 2.6. The orbifold cohomology H, (Px) of the smooth toric DM
stack Py is defined as the direct sum @7 H, over all twisted sectors. Sim-
ilarly, the orbifold cohomology with compact support H*, (Px) is defined

orb,c
as @v HY. We denote by 1, the generator of H,.

Remark 2.7. There is an involution map * on the orbifold cohomology
HY (Px) that maps Hy to H,v, defined by (1,)* = 1,v and (D;)* = —D;.

orb

There is a special type of characteristic classes of the smooth toric DM
stack Px, called Gamma classes, which play an essential role in the com-
putation of this paper. A similar definition has been introduced in [19]
for general smooth DM stacks. The version we used in this paper comes
from [6, Corollary 3.14].

Definition 2.8. For each twisted sector v of Px:, we define its Gamma class
by

~ D; D;
) ieStar(a(y))\o(7)

which is a cohomology class in HJ. We define the Gamma class of Py, to be
the direct sum of Gamma classes of all of its twisted sectors.

i€o(y

Next we look at the K-groups of the toric stack Px. Again, there are two
types of K-groups, the ordinary K-group Ky(Px) and the compactly sup-
ported K-group K§(Px). The former is the usual Grothendieck group of the
bounded derived category D?(Ps;). The latter is defined as the Grothendieck
group of the triangulated category D¢(Pyx) of bounded complexes of coher-
ent sheaves supported on the union of all compact toric divisors of Ps;. We
have the following combinatorial descriptions.

Proposition 2.9. Let C, v; and ¥ be as before. We denote the class
of the line bundle Opg (D;) corresponding to the ray v; by R;. Then the
Grothendieck group Ko(Py) is isomorphic to the quotient of the ring Z[R:!]
by the relations

[TR“ ~1, YueNY, and [[(1 ~Ry), VIgS
=1 i€l
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Furthermore, if we denote the class of the structure sheaf of the closed
substack corresponding to a cone o; by G, then K§(Px) is a module over
Ky(Px) generated by G for all I € ¥ with o; being an interior cone, with
the relations given by

(1-RNHG; = Gropy if TU{i} € ¥ and 0 otherwise, Vi.
Proof. See |10, Proposition 3.3, Definition 3.9]. O

The complexified K-groups Ky(Ps)c := Ko(Px) ®z C and K§(Px) =
K§(Px)®zC are related to the orbifold cohomology Hy 1 (Px) and Hyy, (Px)
by the combinatorial Chern characters as follows.

Proposition 2.10. There is a natural isomorphism

ch: Ko(Pz)(c —> rb Pz @ H
~vEBox(X)
defined by
1, i & Star(o(7))
chy(R;) = { e, i € Star(a(y))\o(7)

0 o) cho (R0, i€ ()
Similarly, there is a natural isomorphism

ch®: K§(Px)c = Hiw, (Px)= €D HS

~vE€Box(X)
defined by
T Al , I Z Star(o(v))
(I RrRGr) =
‘ ’Y(E “G1) {Hz , chy(RY)Fy, I C Star(o(v))
Proof. See [10, Proposition 3.7, 3.11]. 0

2.3. Euler characteristic pairing. There is a natural non-degenerate pair-
ing x(—, —) between Ko(Px) and K§(Px) called Euler characteristic pairing
defined as the alternative sum of the dimension of Ext groups. More pre-
cisely, let F* and G* be complexes in the derived categories D*(Ps) and
D¢(Pyx;) respectively, we define

X(F*,G*) ZdlmHome( ) (F*,G°1i]).
=0

In particular, if we take F* to be the structure sheaf Opy, and G*® to be a
coherent sheaf, then this definition recovers the usual Euler characteristic of

coherent sheaves. Note that this pairing is defined over Z.
On the other hand, the pairing (after extending to C-coefficients) could
be translated to the orbifold cohomology spaces Hyy (Ps) and Hyy, (Px)
via the Chern character defined in the last subsection. To avoid cumbersome
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notation, we denote the pairing on the orbifold cohomology spaces and on
the K-groups by the same symbol Y.

Proposition 2.11. The Euler characteristic pairing
X - H;rb(Pz) ® ;)krb,c(Pz) —-C

on the toric DM stack Py is given by

X(CL, b) = X(EB’YCL’Y’ EB’Yb’Y) = Z |BOX(10(7))|/Y Td(vv)aflbw

Here Td(7) is the Todd class of the twisted sector «y, defined as

[Liestar o(r)\o(m) Pi '
HiEStarU(*y)(l - eiDi)

Proof. See |7, Lemma 4.20]. O

Td(v) =

The following easy consequence will be used in Appendix [A]

Corollary 2.12. The Euler characteristic of the sheaves represented by the
class v € K§(Px) is given by

1 C
x(v) = Z \Box(o(y))][yChV(U)Td(V)'

~vy€Box(X)

3. CENTRAL CHARGES AS SOLUTIONS TO BETTER-BEHAVED GKZ
SYSTEMS

In this section, we give precise definitions of the A-brane and B-brane
central charges for Hori-Vafa mirror pairs. Our definitions differ slightly
from the ones in [18]. Along the lines we briefly recall the basic preliminaries
needed to formulate the main results of the paper.

3.1. A-brane central charges. Denote the coordinates on the torus (C*)?
by z = (21, , 24). Consider the Laurent polynomial f = Y 7" z;2%. As
in 0; denotes the d-dimensional vector obtained from v; by deleting the
last coordinate 1. On the other hand, for a lattice point ¢ € Ny, we write
¢ = (¢,degc) where degc is the last coordinate of ¢ and ¢ consists of the
first d coordinates.

Definition 3.1. For each lattice point ¢ in the interior C° of the cone C,
we define the following holomorphic form

_ 2° dx dzg
we := (—1)desc l(degc—l)!fdegcz—l/\--wz—d
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on the complement (C*)?\Z;, where f = > x;2%. The A-brane central
charge associated to a Lagrangian submanifold L (with certain admissibility
conditions) is defined to be the collection of period integralﬁﬂ

Z4(z) = (ZM (@) cece = ((Q(Wi;c)lil /Lwc> peco

where each | ; We is viewed as a holomorphic function with the coefficients
x; of f as variables.

Since we are mostly interested in the mirror cycles of line bundles in this
paper, from now on we will assume L to be the Lagrangian sections of the
fibration m : (C*)¢ — R defined by z ~ log|z|, see the discussion prior
to The following result explains the reason why it is more natural to
think of the period integrals over Lagrangian sections as solutions to the dual
system bbGKZ(C®,0) rather than the usual system bbGKZ(C,0). Similar
results can be found in [22] and [4].

Lemma 3.2. The period integral
2 dn dzq
A A
pa F2)0E 2 B
is absolutely convergent if and only if ¢ € C°.

Proof. We make the coordinate change z; = e¥, then the integral becomes

ey

ey
Ay A Adyg = _
R f(ey)degc hn Yd /]Rd (ZjeA xjevj-y)degc

Now we divide the space R? into cone regions according to the normal fan ¥
of the polytope A. More precisely, we divide R? as the union of the following
cone regions

dyy A=+ Ndyg

{vak = — (RZ()(A — Uk))v PV € A}

note that this differs from the usual definition of the normal fan by a negative
sign. Fix a cone region oy, , it’s easy to see that over oy the dominant term
in the denominator . » z;e"%" is exactly the monomial zxe’* . Therefore
it suffices to consider the absolute convergence of

/ (=g TIY gy A A dyy

k

which is again equivalent to the condition that

(¢ — (degc)ug) -y <0, Vray generators y of oy, and Yo, € A (3.1)

d
3Note that the constant factor % plays no essential role.
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Recall that the polytope A could be defined as the intersection of half-spaces
(i.e., the facet representation of A):

A= () (hr=0)

F facet of A

where hr is the defining equation of the support hyperplane spanned by the
facet F. It is then straightforward to observe that the condition is
equivalent to that ¢/(degc) is an interior point of the polytope A, which is
again equivalent to that c is in the interior of the cone C. ([

Now we consider a general Lagrangian section L. Additional restrictions
are required to ensure the absolute convergence of the period integral. We
write the section L : R? — (C*)? as

(Y1, -+ ya) — (¥t - @1Wiwa) L ova . oifa(yrya))

Proposition 3.3. Suppose L : R? — (C*)? is a section of the fibration

T — R? such that det(I; + (%), ) is bounded, then the integral [} w. is
l7‘7
absolutely convergent for all ¢ € C°.

Proof. Follows directly from the last lemma and the observation that det(I;+

(gg?) ) is the determinant of the Jacobian of the change of variables. [
J Z?]

Remark 3.4. The condition on the Lagrangian section L we made here is
a bit artificial. We are not aware of a more natural condition that ensures
the absolute convergence of the period integrals.

Proposition 3.5. Suppose v satisfies the condition in Proposition [3.3] then
U = (U,)ecco where

‘I/c(l’l,‘ t 7$n) = / We
L
gives a solution to the system bbGKZ(C®,0).

Proof. The idea of the proof comes from Batyrev [3] and Borisov-Horja [9].
However, since the cycles we are integrating over are non-compact, some
additional cares must be taken.

To prove the equation 0;¥,. = ¥.4,, for any 4, note that we have

c ZE—H)_z'

0; <f(2)degc> =(— degc)w

which gives O;jw. = wcyy,;, and the absolute convergence of the integral en-
sures that differentiation commutes with integration.
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To prove the second equation

n

Z(u,vi)xi&-ﬁ/c +{p,c)¥. =0, VYueNY

i=1
we look at the standard basis py,---, g1 of NY. For 1 < k < d, an
elementary computation shows that Y 1" | (fg, Vi) TiWetv, + (Hk, ¢)we is equal
to
€\ dz dz
_1)dege—1 1) I B .
(—1) (deg e — 1)!240;, <fdegc) - AR -
Note that
2\ dz dz 2 dz dzr dz
20z e N N . O N, A e
feeee) zn Zd feese 2 Zk 2d

Take a chain of compact subsets By C By C --- C T such that UB,,, =T
(e.g., take B, to be the box defined by e™ < |z;| < e™). By Stokes’

theorem the integration of 21,0, (deTZC) over B; N L is equal to

2¢ dzx dzp dzg
e N A A
a(BmnL) J98¢ 21 Z Zd

which tends to 0 when m — 400 due to the absolute convergence of

2¢ dx dzq
A AR
L feee Zd
On the other hand, by dominated convergence theorem the sequence of
integrals converges to the integration of 20, (fdzf;c) over L. This finishes
the proof of the case when 1 < k < d. Finally, if kK = d + 1, i.e., ur = deg,

then an elementary computation shows that " | (fk, Vi) TiWetv; + (fk, €)we
is zero. U

It is clear that a Lagrangian section L satisfying the condition in Propo-
sition defines an integral homology class in the group Hd((C*)d\Zf, 7),
therefore the map

74 Hy((C*)N\Zs,Z) — Sol(bbGKZ(C®,0))

defines an integral structure on the space of solutions to the bbGKZ system
associated to C°. Unlike the B-brane integral structure that will be defined
in the next subsection, which is only locally defined near the large radius
limits, this is a globally defined integral structure over the whole stringy
Kaéahler moduli space.
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3.2. B-brane central charges. In this subsection we define central charges
on the B-brane, i.e., the toric Deligne-Mumford stack Px, in terms of certain
cohomology-valued Gamma series. We will be using the same notation as

qL1]

Definition 3.6. We define the cohomology-valued Gamma series I' and I'°
as

z+l

27i

Te(z1,...,2n) = EP Z H ) (3.2)

Y leLe, 1+l+271'1

for lattice point ¢ € C and

z+2m
Le(z1,... o @ZH 1+l+2 (HD>

Y l€Lc i=1 i€o

for lattice point ¢ € C°, where both direct sums are taken over twisted
sectors v = Z]EU(V) V5V; and the set L, is the set of solutions to Y ;- ljv; =
—cwith [;—~; € Z for all ¢, and o is the set of ¢ with [; € Z.g. The numerator
is defined by picking a branch of log(z;).

It is proved in [6] that these series converge absolutely and uniformly on
compacts in a neighborhood of the large radius limit point corresponding
to the triangulation . After composing them with linear functions on the
orbifold cohomology spaces, we get holomorphic functions with values in C.
It is proved that all solutions to the systems bbGKZ(C, 0) and bbGKZ(C®,0)
are obtained by composing I' and I'® with linear functions on H? (Px) and
HS orb, C(PE)

Now we are able to define our version of B-brane central charge.

Definition 3.7. Let N, C, and 3 = (3, {v;}) be as previous. For any class
€ € Ky(Pyx) in the K-theory of Pyx;, we define its B-brane central charge by

7P () = (ZP% (2))ecce = (x(ch(E),—) o T2)cece-
Similar to the A-brane side, the map
ZP . Ky(Ps) — Sol(bbGKZ(C®,0))

defines a B-brane integral structure on the space of solutions to the bbGKZ
system associated to C°. Note that this integral structure is only defined
locally near the large radius limit corresponding to the triangulation .

3.3. Comments. Here we make some comments on the integral structures
of the bbGKZ systems defined by A- and B-brane central charges in this
section.

According to the results of a series of papers of Borisov and Horja [9-
11|, the dimension of the complexified K-group Ky(Px)c is equal to the
normalized volume of the polytope A, which is again equal to the dimension
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of the space of solutions to the bbGKZ system bbGKZ(C®,0). In fact,
the B-brane central charge map ZP defined in the previous section is an
isomorphism of vector spaces.

However, the A-brane central charge map

Z4: Hy((C*)\Z;,C) — Sol(bbGKZ(C®,0))

is not an isomorphism for a simple reason — the dimension of the ho-
mology space is strictly largelﬂ than the dimension of the solution space.
Therefore the construction is not completely satisfactory. We nevertheless
admit this drawback and take the image of the integral homology group
Hy((C*)®\Z;,Z) under the central charge map Z* as our definition of the
integral structure of the bbGKZ systems on the A-brane side. The main
result of this paper nevertheless says that we can find a sublattice generated
by explicitly defined Lagrangian sections of Hy((C*)%\Z #,Z) of the correct
rank that matches the integral structure defined by Ky(Px) on the B-side.

4. ASYMPTOTIC BEHAVIOR OF PERIOD INTEGRALS VIA TROPICAL
GEOMETRY

The goal of this section is to analyze the asymptotic behavior of the A-
brane central charge associated to the real positive locus (Rsg)<.

To begin, we set up the notations that will be used throughout this section.
We will be using the same notations as in Additionally, let X be a regular
triangulation of the cone C, and denote the corresponding convex piecewise
linear function by 1. For each lattice point ¢ in the interior C°, we denote
the minimal cone in ¥ containing ¢ by o(c), and write ¢ = 3 ;. ¢ivi.
Then there is a unique twisted sector (c) € Box(X) given by » ¢, {ci}vi,
where {c¢;} denotes the fractional part of ¢;. Finally, we denote the set of
indices ¢ such that ¢; = 1 by I.. Note that o(c) is a disjoint union of I. and
a(7(c)).

The main result of this section is an asymptotic formula for the A-brane
central charges of the positive real Lagrangian Rio when the parameter
approaches the large radius limit corresponding to the triangulation >, which
should correspond to the structure sheaf Opy, on the B-model according to
the prediction of SYZ conjecture.

For simplicity, we introduce an extra variable ¢ € R and consider the
one-parameter family of Laurent polynomials {f;} where f; = S ¢~ %(vi) v,
Then the large radius limit is achieved by taking ¢ — 4+o00. Moreover, to
emphasize the dependence of the form w. on the parameter ¢, we adopt the
notation wy . instead.

4According to Batyrev [3|, the dimension of the C-coefficient homology space is equal
to vol(A) + d.
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Theorem 4.1. The asymptotic behavior of

ARLy )y (2D
ZC (t ) "') - (27_(_1)[1.‘.1 Rd wt,C
>0

when t — +o00 is given by
_1)rkN—degc
(27i) 1)l Box(e ()]

Z2Eo0 (o)) =9 @

: / £ T Fr, + o(t¥(?))
v(e)

where w = o= > | W (v;)D;, and f‘v(c) is the Gamma class of y(c) as defined

2mi

in Definition

The proof of this theorem occupies the rest of this section. To begin with,
we make a change of coordinates. We denote the moment map on (C*)? by

Log; : (C*)d - Rd7 (Zl) T 7Zd) = (logt |Zl|7 o, logy ’Zd’)
and its right-inverse by
it : ]Rd — ((C*)d7 (?/1, e 7yd) = (tylv e atyd)-

Note that the positive real locus is identified with R% under the map ;. The
original integration now becomes

s
/ Wt,c = / 1 Wt c
R R4

with the new coordinates {y;}.

We divide the proof into two steps. In the first step (, we partition
the domain R into smaller sections based on the tropicalization of the Lau-
rent polynomial f;. This allows us to establish a connection between the
integration over each section and the volume of specific polytopes. Mov-
ing onto the second step (§4.2) we establish a relationship between these
integrals and the integral of Gamma classes on the toric stack Ps. A cru-
cial component of the second step is a Duistermaat-Heckman type lemma
adapted to our setting that is stated and proved in Appendix [A]

d
>0

4.1. Subdivision of the domain. For each i € A, we consider the tropi-
calization §; of the monomial ¢~ %) 2% defined as

/Bi : Rd — Ru p= </Uiap> - Qp(vl)
which is an affine function on R?. Following the idea of [1], we deﬁneﬂ

Ut = {p € R': Bi(p) < By(p). Vi € A}

50ur definition differs from the one in [1] by reversing the direction of the inequality,
due to the difference between t — +o0 and t — 0%,
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for any lattice point ¢ € A. Furthermore, for any ¢ € A and any subset
q € K C A we define a subset U%* of U? by

UK = {p e R? :3,(p) — Bilp) € [0, €], Vi € K,
Be(p) — Bi(p) € [e,+0),Vi & qU K}

for some fixed small positive number € > 0. Intuitively, U%¥ is the re-
gion where the tropical monomial 3, is the largest (hence dominates the
asymptotics) and the tropical monomials {fj }rex are not far behind.

Remark 4.2. By the standard argument of tropical geometry, we have the
following facts about U? and U . Firstly, the set U%¥ is non-empty if and
only if ¢ U K forms a cone in ¥. Additionally, U%¥ is unbounded if and
only if ¢ U K is a cone on the boundary, i.e., relint(¢ U K) C 0A. We will
not use the latter fact in rest of the paper so we omit its proof.

Hence the original integral can be written as a sum

cx %
/ 1y Wte = 5 / 1 Wt
R4 oK UK
K

The first observation is the following lemma which states that only the
region U%K with o(c) C qUK € ¥ contributes to the leading term when ¢ —
+00. Otherwise the growth of the integral over the piece will be O(t¥(9)—¢)
for some € > 0.

Lemma 4.3. As t — 400, for ¢ and K with o(c) € ¢ U K we have
Jax ifwie = O(t¥(9=¢) for some € > 0. If o(c) C qU K € ¥, then

. .
qu,K IfWi e 18

t/Bz ﬁq Ci
(e~ e Oogny! [ L T
URI (14 3, t9iPa) T8

+ Ot (log t)?).

Proof. First we suppose o(c) € g U K. We have

2° = p2ico() GV = pCaa . H CiTi
i€o(c)UK\q
— 2ia(c) Ciw(Ui)(t_¢(Uq)Zﬁq)cq ) H (t—¢(vi)zv’i)ci
ico(c)UK\q
= et GV (V) s o T (gm0 e

i€o(c)UK\q
= td’(c) (t*w(vq)zﬁq)degc . H (t*w(vi)er(“q)zﬁi*Uiq)ci

i€o(c)UK\q
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Similarly we can compute

ft<z)degc _ (Z t—w(vi)zv’i)degc

1EA
— (t—w(vq)zqu)degc . (1 + Z t—W(Ui)‘*‘lﬁ(vq)Zﬁi—ﬁq

€K

degc
4 Z t—w(vj)'f‘l/’(vq) Z”j‘”q)
JEqUK

degc
— (t—w(vq)zv’q)degc . (1 + Z 1Y)+ (vg) ,0i—vq + O(t_€)>
€K

Hence the form wy . is

wre = (—1)%8(deg e — 1)1t¥()

Hiea(c)uK\q (L= (ve) z0i=vg e dz;
(1t g V) iy o)) e ALz
= (—1)%8 " (deg e — 1)1t
. ( ieourag ("0 O(t_€)> &
1+ Yex t_w(yi)+¢(VQ)zﬁi_iq)degc i A

Therefore the pullback ijw; . is
ifwne = (—1)% (deg e — 1))

Hi o(c) UK (tﬁiiﬁq)q _
(e 00 s T
ek U i

So the integration [;;, x ifwy,c is equal to

(tPi—Ba)ei

(—1)%E L (deg ¢ — 1)1t¥() (log 1) / icotours dy;

U (14 Ly th5a) 80 5
+ Ot~ (log t)?).

Notice that if o(c) € qU K, then there exists i € o(c) such that 5, — 5; > e,
where € > 0 is the constant used in the definition of U%% | i.e., the nominator
of the integrand will contribute a factor of t~¢. Therefore the first term in
the above expression is also O(t¥(9~¢(logt)%). By changing € to a smaller
positive number we can adsorb the logarithmic term and get O(t¥(¢)=¢).
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Now suppose o(c) C g U K. Then the same computation as above shows
that the integral qu,K ifwic is equal to

__q1\degc—1 o P(c) H tﬁl 5(1
(~1) (deg ¢ — 1)1t¥(9) (log t)? ey H "
ek (143, cp th

+ Ot~ (log t)?).
O

According to this lemma we can disregard integrals over U%¥ with o(c) €
q U K when computing the leading term of the asymptotic behavior.
We consider the integral

Tick (%70
/.. : degCH y (1)

1+ZEKtBZ

where (g, K) is a fixed pair with o(c) C g U K . To simplify the expression,
we introduce a change of coordinate on the region U%X. Let us define

bi == By — Bi, foralli € K

and complete {b;};cx into an affine coordinate system on R? by adding
additional covectors {e;}. We can then express the standard affine volume
form on R? in terms of this new system of coordinates:

dez =rgx - | ] dbi- Hdej

€K

Thus, the original integral becomes
¢~ Liek Cibi
/ e rar | ] dbi- H de;.
v (L T 7)™
Recall that the region U%X is defined as

Urk = {pe Re:b; € [0,€],Vi € K; B, — Bi € [e, 00, Vi gzun}

We consider the projection 7, : U%X — [0, €]% onto the (b;);cx-coordinate
plane, and denote the fiber of a fixed (b;)icxx € [0,€]® by F@E((b;)ick)-
Then the integral above can be written as an iterated integral

tizi K Cibi
/Uq,K( . _ degc Tq,K - Hdb Hde]

1+ZieKt b) ieK

t 2iek Cibi
- dej db;
/[O’E}K /Fq’K((bi)iEK) ( "o,k H J H

degc
L4+ 3 ept™) €K

—2iek cibi
:/ K( t €K -VOl(Fq’ (bi)iek) )Hdb
[0,€] '

(1 + ZiEK t_bl)degc ieK




CENTRAL CHARGES IN LOCAL MIRROR SYMMETRY 21
By definition, the fiber F@X((b;);cx) is given by
FR((bg)iex) = {p € RY: By — B = by, Vi € K By — fi € [e,00], Vi ¢ qUK |
To remove the e-dependence, we introduce a new polytope
EY((bi)iek) = {p €ERY: B, — B =b;,Vi € K; B, — Bi € [0,00],Vi & qU K} .
and express the fiber F@¥((b;);cr) in terms of these new polytopes:

FOX((b)ier) = B (0)iex)\ | | U B UH((bi)iex, b))
JEqUK bj€[0,¢]

By inclusion-exclusion principle, we have

VOl(FP X ((bi)ic)) = > (=)

J:JDK,q¢J

. /[0 e VOI(Eq’J((bi)ieK, (b;')jeJ\K))db/.

Combining these results, the integral (4.1) becomes

/ t~ 2iex Cibi
0.5 (14 S t01) 45
Z (—1)MAK] VOl(ES ((bi)ick, (b)) jesnk))db’ | db.
JIDK.qd] [0,¢] 7\
By allowing ¢ and K to vary, we obtain

S (]

(J,K,q):JDK,q2J [0,¢]7 (1 + D ek t*bi)
vol(E%” ((bs)iex, (b)) jex))db db,

t~ ZiEK cib;

dege (4.2)

where the sum is taken over all triples (J, K, q) such that K C J and q & J.
Note that the summand corresponding to J is zero unless g LI J is a cone in
3.

4.2. Connection to Gamma classes. The goal of this subsection is to
reveal the relationship between (4.2) with the Gamma classes I', of twisted
sectors of the toric stack Ps. We adopt a similar approach as presented
in [1].
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To begin, we utilize the volume formula Proposition to rewrite the
sum obtained in the previous subsection as
t— >iek Cibi

Z (_1)\J\K\ s

(1K ,q):JDK qiJ 0.7 (14 Y jep t7) (4.3)

1 / p-3._,b;0; DPqus ) /
- e jeJ i ]'7'FIC db' db
(’BOX<O—(7>)’ ¥ Da(d)

where D = ) 1(v;)D; and 7 := 7(c) is the unique twisted sector correspond-
ing to the lattice point ¢ € C°. Now we consider the following cohomology
class in H obtained by scaling all classes D; by a factor of logt,

27

J —lo(e

P= > (- <10gt> e Dy
(JK,q):J 2K qi.] 2mi Do (c)

— > ick Cibi )
. / <(1 tz €K b )degce(logt)fﬂ_iZjerj(logt)foi> dv'db
[0,¢] + 2 et

Since the integral over « is only relevant to the deg = dim~y = d+1—|o(7)|
part, the expression (4.3)) is equal to

—(d+1—|o(c))
! <1°gt) [ron (4.4)
Y

Box(o())] \ 2

Note that deg Fy, = |I.| and |0 ()| + |I.] = |o(c)]-

The goal of the remaining part of this subsection is to prove the following
result which relates the cohomology class P; to the Gamma class I'y of the
twisted sector 7.

Proposition 4.4. The asymptotics of the class P; is given by

(log t)l—lo(c)l ~

P, = T, + O(t™°)

(degec—1)!
where w = 5 >~ ¢(v;) D;.
To proceed, we consider the following analytic function in Dq,---, Dy,
where we think of the variables D;’s as usual complex numbers:
[J]+1=lo(c)] :
QD1 D= S (— (el elsztyp Daus
2mi Dy
(J,K,q):J2K,q¢J
— . :b; .
) / t Diek C _ o Zjerj(logt)% db/db
_b o st
[0,e] (1 + ZieKt bl)z 1 (G5 te)

The next proposition establishes the relationship between the function @
and the Gamma function I'.
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Proposition 4.5. As functions in variables D;’s we have the following iden-
tity:

Q(Dy,-++ , Da) = (logt)' =17l (2 755D

D D
L o TIs PG £ @)

: +O(t™)
Doe) T(Ciii(g5 +ci)
Proof. First, we consider a single integral in the definition of Q:
— > ick Cibi )
/ t €K - - > jey bj(log t)% db' db
A7 N (1+ Yiex t*bi)zizl(rﬂﬂi)

we introduce the change of variables s; := (logt)b; to rewrite it as

/ I Sienih | B
Dclogd? \ (1437, o) Bima(zmi e (log )l

(2
We now claim that we could replace the region [0,elogt]’ of the integral
by [0, 00)? without changing the leading term of the asymptotics. In other
words, we have

— > ieK CiSi D,
e~ 2ieK v
/ e Tien | ds
[0,elog t]7 (1_1_24 Kefsi)zz':l(r;i'f‘ci)

1€

—Yiek Cisi -
= / € Ter ~ e_ZJEJSj% ds+ O(t™°).
[0,00)7 (1 + Z e—si)ngzl(ﬁ-i-a)
ieK

To see this, it suffices to observe that the integrand is controlled by
D .
e Diek Cisi e~ YiesSizh

then the claim follows from the fact that :{ggt e *ds = O(t™°).

Thus it suffices to look at

S (e ((logt PO sty Doy
2mi Dy,
(JK,q):J2K qJ )

/ e~ 2uicK CiSi _ o= ZjEJSj% L
[0,00) (1 + D ek 675’5)2?:1(277:1—’_%) (log t)!1
7
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D
Note that [;* eiSijJidsj = (27i)/D;, integrating for all j € J\K, the inte-
gral becomes

Z ( 1)|J\K| <1Ogt>|J|+1—|o(C)| (o) Dyus
- — e Tl —_—
(LK) 2K a2 2m Doe)
e~ 2ick Cisi s H 2mi ds
K R (D—?—&-ci)e ) D (]o t)|J|
0o N (A + Eiege™) == jenNk s

which is equal to

1-Jo () K]
S (e log? L\ dtyp Daue
2mi 2mi D

(J.K,q):J 2K q¢J o(c)

_Zi CiSq )
/ £ " D e Tiex sz | ds
0005 \ (14 ek e—si)2i=1(27’i+0i>
(]

We rewrite the sum as
Z Z (—=1)/\Kl logt e 1 . (55D Dquik
27 27 Da(c)

(K,q):q¢K \J:JDK«q&J

_Zi CiSi )
/ € °r — 5 e*ZieKsi% ds
000 \ (14 ek e—sz—)Zi:l(#im)
(2

Note that for a fixed pair (K, ¢), the sum

Z (=)l = Z (—D)”!

J:qg€JKCJ PC{1,+,N}\(qUK)
is equal to (14-(—1)){L 2K = 0 if {1,--. n} # qUK and 1 otherwise.

Therefore, the only nonzero term in the sum above corresponds to K =
{1,--+ ,n}\q. Consequently, the sum above can be expressed as

n 1—|o(c n—1 n
Z logt\ '~ 17¢! 1 oD I[iz1 Di
27Ti 27Ti Da(c)

q=1

727; CiSi .
. / € ° —5; e~ ek si% ds.
[0,00) K (1 + Z~€K e*si)Zizl(ﬁ+ci)
i
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Simplifying further, we obtain

n D;
=1 27i

log 11170 (o) o (@) § o5t
(0g ) 171 2 7y 55000 02

q=1

_Zi CiSi )
g e et | as
[0,00)K (1+Z.€K e—si)zizl(ﬁ"'ci)
(A

We substitute ¢; = e™%, leading to the following expression

(logt)l |0(C)|(27Tl)|a(c)| (gD Lli=1 o Hl—l I
Do(e)
st

e
0,1]»

n ¢ t
ae{1 (14 it )ZZ e

Finally we apply Lemma to rewrite this expression as

loetyp I 2 ) [T, T (52 + i) '
Do) Ty (5% + )

This concludes the proof of the proposition. ([

(log t) 1717 @l (27 o (@l el

We have established the desired relationship between the function @y and
the Gamma functions. Applying them to the cohomology classes D; along

n Dz .
with the fact that Hb 1, i F(z’” i) can be written as
o) D(X, (5 +ei)

1 [Tigoo) o D; D;
r(=L T(=h 4o
(27i)le(@l (dege — 1)! gl_[ (27ri> H ( m e )

~ (2ol —1)
(271) (degc 1).@7(7) ity

1 ~
(2mi)le@l(dege — 1)1 7

d

Hence, the leading term of (( )13l+1 Rd ) Whe is given by (noting that d +
1 —degec=r1kN —degc)

1 rkN—degc R
tl/)(c) ( ) /twl—‘,y . FIC
v

(271)l7 ()l Box(o(7))]
This concludes the proof of Theorem
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5. MATCHING THE A- AND B-BRANE INTEGRAL STRUCTURES

The goal of this section is to establish the equality between A-brane and
B-brane central charges, therefore matching the integral structures on the A-
and B-sides defined in Section 3] This is accomplished by utilizing the hyper-
geometric duality [6] as a key ingredient. More precisely, an explicit formula
is provided for the pairing between the solution spaces to bbGKZ(C, 0) and
its dual bbGKZ(C"®,0).

Definition 5.1. For any pair of solutions (®.) and (¥4) of the systems
bbGKZ(C,0) and bbGKZ(C®,0), we define a pairing
(—,—) : Sol(bbGKZ(C,0)) x Sol(bbGKZ(C*®,0)) — C

by the following formula

<(I)’ \I,> = Z gc,d,lvoh (H xz) .Uy

c,d,I iel
where the coefficient .41 is defined as follows. Fix a choice of a generic
vector v € C°. For aset I of size kN we consider the cone o7 = ), ; R>ov;.
The coefficients &, 4.1 for ¢ +d = vy are defined as

€oup = (—1)dee(©) " if dimo; = rk N and both ¢+ ev and d — cv € 7§
edl = 0, otherwise.

il

Here the condition needs to hold for all sufficiently small positive number
e > 0.

The main result in [6] states that this pairing is non-degenerate.

Theorem 5.2. For any pair of solutions (®.) and (¥;) of the systems
bbGKZ(C,0) and bbGKZ(C*®,0), the pairing (®, ¥) is a constant. Further-
more, the constant pairing (I', I'°) of the cohomology-valued Gamma series is
equal to the inverse of the Euler characteristic pairing x : H, ® H, ;“rb’ . —C
in the large radius limit. In particular, (—, —) is non-degenerate.

We now combine the computation in section [4] together with the hyperge-
ometric duality to obtain the equality between A-brane and B-brane central
charges. Specifically, we begin by proving the equality for the case of struc-
ture sheaf Opy, and its mirror cycle RY,.

To start with, we recall the asymptotic behavior of the Gamma series I'
that was computed in [6].

Lemma 5.3. Let t — 400, then for lattice point ¢ € C' and v # 7Y (c), the
summand of Do (t =¥y, ... t=¥n) g ) is o(t¥(9). For v = vV (c), we have

T, ) = O TT e tosmi—vlog) TT % (1 1 o(1)).
) =] [y o)

g 27i
Proof. See (6, Lemma 3.10]. O
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Theorem 5.4. The A-brane central charge associated to the positive real
locus (R>q)? coincides with the B-brane central charge associated to the
structure sheaf Opy;,.

Proof. Throughout this proof, we will denote an interior lattice point by
d € C° and denote the rank of the lattice N by rkN.
Consider the pairing

d AR
(T, Z24%50) =3 &g Vol ([ w)Te - Zy " € Hiyy(P)
e,d,] iel

we look at the component corresponding to a fixed twisted sector . Com-
bining Theorem Lemma by an argument similar to the proofs of [6,
Proposition 3.12, 3.13], the asymptotic behavior of

n

[Tt @), ) 7 (=)

i=1

is given by o(1) unless v = vV (c¢) = v(d) and both I. and I; are cones in 3,
in which case the asymptotic behavior is

1 DI n Dy, . (_1)rkN—degd R
o1) + —— . DL TT e vt o) /twr F,
W+ Gy 7, 1 r @ Boxto ()] J, 7

Since (I', ¥) is a constant, taking the constant term we get

( 1)rkN—degd A
r,w)., = c Vol A s
(T )y = 2 o g T Box(o o [,
D (_1)1‘1{N*degd dim'yv—|1d| [ *
= Z‘fcdjvoh R (27Ti>rkN‘ Box(a(7))] /vv(_D .

c,d,]
( 1)rkN—degd

= 3 bV G o

c,d,I
\2 s Vv F
/ (27i)l7 (NI (—1)deg " +dimy _‘Id‘#Td(yv)
'yV F’YV
1 Dy 1 Fi v
EcaVolp(2mi)lo —Ze — — / L Td(yY)
" T 2 £, TBox(o ()] Ly T
1 Dy Iy
c VOl 27‘(’1 ‘0( )|7A = 1, = 4 or
(27Tl)rkN Czd:f d,rVoly(2mi) f ( FW) b,y

Here we used degv" = |o(v)| + |14| — degd = |o(d)| — deg d, therefore
(_1)rkN—degd+deg'yv+dim'yv—|fd\ _ (_1)rkN+|a(d)\+rkN—|cr('y)|—|Id|

(_1)rkN+|a(d)\+rka|a(d)| -1
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By [6, Theorem 4.2] the following class in H, ® H

orb,c
Dy Fy
gcd[VOlj(Qﬂ'l)lU(V)' S —
(9. kN
(27r1 r @ c;l I_‘,y F,Yv

is inverse to the Euler characteristic pairing, therefore for any ~ we have
I,z 4 R>O>v =1,

so (T, ZA4R%0) = D, 1, = ch(Opy), ie., ZARL0 corresponds to the structure
sheaf Opy;. O

We have completed the proof of Theorem [I.5|for the case of structure sheaf
Opy,. Next, we consider an arbitrary line bundle £ = O(>""", a;D;) corre-
sponding to a torus-invariant divisor .. ; a;D;. The mirror cycle mir(L)
of L is constructed from Rio by monodromy. More precisely, the divisor
Yy a;D; defines a loop in the stringy Kéhler moduli space of Py by

$:[0,1] = C", s (e Friarb .. g=2miand) (5.1)

We denote the Laurent polynomial corresponding to ¢(#) by @), then we
have a family of hypersurfaces Z ) in (C*)4, where Zpay = Zpo) = Zg. We
then define the mirror cycle of £ to be the parallel transport of R% <o along
this loop.

Note that the set of mir(L) for all £ € Ky(PPx;) generate a sublattice of the
integral homology group Hgy ((C*)?\Zy,Z) that has the correct rank vol(A),
which is a direct consequence of the following result.

Corollary 5.5. For any £ = O(}_" | a;D;) € Ko(Pyx), the A- and B-brane
central charges coincide:
ZA,mir(,C) — ZB,,C'

As a consequence, the A- and B-brane integral structures of the Hori-Vafa
mirrors, defined by Hy ((C*)?\Zy,Z) and Ko(Ps;, Z) respectively, coincide.

Proof. Tt suffices to compare the monodromy along the loop (5.1) on both
sides. Recall that the Gamma series is given by

H—Q,fl
T°(z1,..., o, @ZH 1+l+ (HD )

Y l€LcH =1 27r1 i€o

and the monodromy comes from the term [, xl o =11, ellitz) log s,

Fix ¢ and «, when 0 goes from 0 to 1, the x; goes around the origin a;
times clockwisely and hence the original log x; now becomes log x; — 2mia;,
therefore contributes an extra factor e~ (27ili+Di)  Take product over all
i = 1,---,n, this is e~ 2:%@mli+Di) - By definition of | € L., we have
l; = v mod Z, therefore the factor is equal to e~ 225 ai(2mvi+Di) - which is
exactly the Chern character ch(O(— 7" | a;D;)).
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Consequently, the effect of the monodromy on the Gamma series is to
multiply it by ch(O(—3 /", a;D;)). Then the B-brane central charge is
obtained by composing with x(ch(Opy, ), —), which is

X <1, ch(O(= ) aiDy)) - Fﬁ) =X <Ch(0(2 aiDi))aFZ))
i=1 i=1

by Proposition This is exactly the central charge ZBO(X i aiDi) | 1y
then follows directly from the construction of the mirror cycle of O(} a;D;)

that the monodromy on the A-side matches with the monodromy on the
B-side. ([

APPENDIX A. RESIDUAL VOLUME AND ORBIFOLD COHOMOLOGY

In this appendix we establish a result that relates the residual volume
of the polytopes E%/((b;);jes) (for precise definitions of residual volume
and the polytopes, see section {4)) with certain orbifold cohomology classes
with compact support of the toric Deligne-Mumford stack Ps. It could be
considered as a replacement of the Duistermaat-Heckman lemma used in [1]
adapted to our setting. We use the same notations from section [4] except
we denote a twisted sector corresponding to v € Box(X) by Py, to avoid
potential confusion.

Proposition A.1. The residual volume vol(E%7((b;);e)) is equal to

1 eP—2esbD; MFIC
’ BOX(U(’Y)” Ps/, DO'(C)

where D := )" ¢(v;)D;, and v := 7(c) is the unique twisted sector corre-
sponding to the interior lattice point ¢ € C°.

We begin with a review of the well-known results on the relationship
between line bundles on toric varieties and the associated polytopes in
and provide the proof of Proposition in

A.1. Line bundles on toric varieties and their associated polytopes.
We briefly review the classical correspondence between line bundles on toric
varieties and their associated polytopes following [13].

Again, we denote by Py; the toric variety corresponding to a fan X, and
D=5 » @pDp be a Cartier divisor on Py, where D)’s are the torus-invariant
divisors, and we denote the primitive generators of the correponding rays
in the fan by v,. The associated polytope Pp of the line bundle Op (D) is
defined adf

Pp:={m e Mg : (m,v,) +a, >0, ¥p}

O6There is a difference of signs in our definition with the one in [13].
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It is a well-known fact that the dimension of the global section of Op, (D) is
equal to the number of lattice points in the polytope Pp. In fact, we have

TPy, Op, (D)= € C-x™
mePpNM
In this case the polytope Pp is of full-dimension.

This correspondence could be generalized further to the case where the
polytope is not of full-dimension. In this case, the corresponding sheaf is
not a line bundle on Py;, but the restriction of a line bundle to a closed
subvariety.

Finally, suppose we have a sheaf of the form Op/(D) where D' and D are
torus-invariant divisors and its associated (non-full-dimensional) polytope
P. Suppose further that this sheaf is nef. Then by Demazure vanishing
theorem (see [13, Theorem 9.2.3]) all higher cohomology of Op/ (D) vanishes.
Consequently, we have

X(Ps,O0p (D)) = x(D',Op/(D)) = dim H*(D',Op/(D)) = |P N M|
i.e., the Euler characteristic of Op/(D) is equal to the number of lattice

points in the polytope P.

A.2. Proof of Proposition Before we start, we remark here that it
suffices to prove the statement for the case where ¢ LI .J is a cone in the fan
Y because otherwise the polytope E%((b;);c) is empty and the right hand
side of the equality is zero due to the factor D, ;.

We divide the proof into four steps.
Step 1. Recall that the polytope E%7((b;);es) is defined as

BT ((b)ies) = {P eRY: B, — Bi=bi,Vi€ J; By— B €[0,00],Vi & q LI J}

where §; : R? — R is a linear function defined as p — (v;, p) —1(v;). Without
loss of generality, we assume that all b;’s are rational numbers. The defining
equalities and inequalities of E%/((b;);es) could be rewritten as

(vg — vi,p) + Y(v;) — Y(vg) —b; =0
for i € J and
(Vg = vi,p) + P (vi) —P(vg) >0
for i ¢ qU J. If we denote

D= (W) —(vg) —bi)Di+ Y (¥(vi) — 1(vg)) Ds

ied igquJd
= Z Y (vi) Dy — Z b;D;
1€Star(q) ieJ

then by the discussion in we have
X(Ps/q, Op, (ID)) = |L- E®'((b;)ies) N M|
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where [ is any integer number that makes [ - E%/((b;);c;) into a lattice
polytope (the existence is due to the rationality of b;’s), and D; is the
closed subvariety of Py, corresponding to the cone J in the quotient fan
Y/q. This can be further expressed as

1 E%Y((bi)ies) N M| = x(Ps(qury, Opy, 0, (1D))

Step 2. Denote the canonical map from the smooth toric Deligne-
Mumford stack Py to its coarse moduli space (which is a simplicial toric
variety) Py by m. We denote the line bundle on Py defined by the same
support function with D by Opy (D). Since in the definition of Ps the
additional data of a vector on each ray of the stacky fan is chosen to be
the primitive generator, we know that the pushforward of Opg (D) is ex-
actly Op, (D). On the other hand, it is a well-known result (see e.g., |2,
Definition 4.1, Example 8.1]) for a tame Deligne-Mumford stack X with
coarse moduli space X, the canonical map m : X — X is cohomolog-
ically affine. This implies that H*(X,F) is equal to H(X,w.F) for all
1 > 0 and any coherent sheaf F. Apply this fact to our situation, we get
X(PE/(qI_IJ)a OPE/(un) (ZD)) = X(PE/(un)a OPE/(un) (ZD)) Thus, we have

X(Ps/(qu1)s O gy (D)) = |L- E¥((bi)ies) N M|

Step 3.
Then we apply Corollary we obtain
1
- B ((bi)ies) N M| = >

+Box B/ (L)) [Box(a (7))l

/C l OP):/(un)<lD>)Td< )

v

_ oD .
= 2 \Box(om)r/y Td()

y€Box(E/(qU]))

note that since g J is an interior cone (because it contains an interior cone
o(c) as a subcone), the quotient fan 3/(q U J) is complete, hence Ps; (41,0
is compact therefore Ky and K§ (and the corresponding Chern characters)
coincide.

The affine volumeﬂ volag E%7((b;)ic) is computed by

L- E% ((bi)ics) N M
volag EqJ((b ) ) - lgoo ‘ Jdim E(q"])((li)ieJ) ’

1 elb
- —— lim [ ———— - Td(y).
2 |Box(0(7))] i /7 v 140)

YEBox(X/(qUJ))

"Note that the affine volume differs with the residual volume vol E7((b;)ics) by a
factor of the index of b;’s, namely the index of the sublattice spanned by b;’s inside the
standard lattice Z¢, see step 4.
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In the last step, we used dim E%7((b;);es) = rkN —1 — |J|.

Now, we claim that the only nonzero term in this sum is the v = 0
term. To see this, we expand the e!” and the Todd class Td(y) as sums of
homogeneous components:

o0

elD 1 lzDz

i,j=0
where Td(); denotes the degree j part of the Todd class of v. By definition,
the only nonzero contribution comes from terms with (7, j) such that
deg(D’) + deg(Td(7);) = i + j

is exactly equal to dim(y) = rkN — 1 — |J| — |o(7)|]. On the other hand,
if i < kN —1 — |J|, the integral will be killed by taking limit [ — oo due
to the factor of zrkN—%le thus ¢ > rkN — 1 — |J|. Combining these two
observations, we can deduce that in order to have nonzero contribution, we
must have

tkN —1—|o(y)|—=|J|=i4+j>rkN—-1—|J[+j

which simplifies to |o(vy)| < —j. This forces j = 0, i = rkN — 1 — |J| and
() =0, i.e, ¥ = 0. Hence the claim is proved. Therefore we have

1 EqJ . DrkN—1—|J| D
vol.f ((bi)ics) = / (rkN —1—|J|)! a /quun) ’

Ps/(qu

Step 4. The affine and residual volume of the polytope E%7((b;);cs) are
related by the following equation:

volagt E® ((bi)ic.s) = (index of bis) - vol B/ ((bi)ie.s)
The index of b;’s is exactly equal to | Box(q LI J)|. Therefore, we have

1
vol E¥ ((bi)icy) = m5—r—cr eP
e | Box(q Ll J)] P /()
= / eD : FqLIJ
Ps
1 D
= e . F
[Box(e(M)] Jog,,, N

= ——————- . IC
‘ BOX(O-(’Y))| IPE/G‘(’\/) DO'(C)

where the second equality follows from the fact that the ratio between the
volume of a cone in the fan ¥ and that of the corresponding quotient cone
in the quotient fan ¥ /(¢ U J) is equal to | Box(¢ LU J)|. The third equality
holds for similar reasons. The last equality is a consequence of the relations
in the orbifold cohomology space. This concludes the proof.
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APPENDIX B. AN IDENTITY OF BETA FUNCTION

In this appendix, we prove an identity of multivariate beta functions that
is used in the computation in Recall that the usual beta function B(a, b)
is defined as

1
B(a,b) ::/ 1 — ) dt
0

There is a well-known relation between beta function and gamma function
B(a,b) = I'(a)T'(b)/T'(a + b). There is an equivalent definition of B(a,b)
given by

00 2fa—l
B(a,b) = _at
(a,b) /0 T

Similarly, we can define the multivariable beta function by

- .tanfll
B HRIEN = n— dt A dt —
(a1, an) /[0 syt (Lt + o tyg)artan L

and there is an identity B(aj,- - ,a,) =T(a1) - -T(an)/T(a1 + -+ + an).

Lemma B.1. We have the following identity:

n

az—l
B(al,--~,an):2/ 1 [izgti aH dt;
— J[0,1]n~ i
q=1 [0:1] (]- + Zz;éqt ) i#q

Proof. We treat the ¢ = n term and the other terms separately. The ¢ =n
term could be written as

_ o -1 n—1 1,a;,—1
[ e 1 [ &
. St = ) = %Ht
[0,1]"~1 =1t — n—1 i=1% -
(B b= =N (S st
where A, is the region defined by 0 <t, <1 and 0 <t; <t, for j # q.

When ¢ # n, we introduce the change of coordinate given by t; —

ti
tn
for i # n and t,, = 7, then rename the variable t,, to t,. An elementary

computation shows that the integral becomes

SR -
/(HZ )gwg@

where B, is the region defined by t; > 1 and 0 < t; < ¢, for j # q.
Therefore the original sum can be written as the integral over the union
Ug;ll (AqU By). Now the result follows from the observation that A, U B is
the region defined by t; > 0 and 0 < t; < ¢, for j # ¢, and UZ;ll (AqUBy)
is exactly [0, 00)" 1. O
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Remark B.2. A similar identity was proved in [1] by using integration
over certain tropical projective spaces. The proof we provide here is purely
elementary.
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